10-69. Determine the product of inertia of the cross-
sectional area with respect to the x and y axes that have
their origin located at the centroid C.

v

Product of Inertia : The area for each segment, its centroid and product of
inerta with respect to x and y axes are tabulated below.

Segment 4, (in?) (d,),(in.) (d,),(in.) (L, ), (in%)

1 3(1) 2 3 18.0
2 (1) 0 0 0
3 3(n -2 -3 18.0

L, =Xx(4,),=360in*
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he product of inertia of the

-70. Determine U
i pect to the x and y axes.

parallelogram with res

Product of Inertia of the Triangle : The product of inertia with respect t0 x and y axes
can be determined by integration. The area of the differential element parallel 0 y axis is 2A

h -
=ydx = (h+ Ex)dx[Fig. (a)] . The coordinates of the centroid for this element are x = —x,

1

h
y= 52' = §(h+ Ex). Then the product of inertia for this clement is

Yehtix

) 3 n
dl,, =dl,., +dAxy
A 1/, A .. ki
= 0+[(h+ Ex)dx ](—x)[i (h+ Zx)] (xy)
X
M B P Lﬁi_,
=-3 blx Tx b
(a)
Performing the integration, we have
! t
y ¥
_ SN, W 2, B b3
L, —Idl,, —-E'L(h T4x'd—ox )dx:—T %/2)-. "Gk X
The product of inertia with respect to centroidal axes, x’ and y’, can be determined by applying / ."/3 !
Eg. 10-8 [Fig.(b) or (¢)]. c x
Ly =L, +Add ETA
BR Ll by 3
et )Y x
bht
L.=28 «©o
AT P
1
Here, b= acos 8and h = asin 6. Then, ., = a’bzsm;zecosle. t K
3¢ -acos8 ~2L956 -
asiné
Product of inertia of the parallel i i i o 4 i asi QLé ° ,b
parallelogram [Fig. (d)] with respect to centroidal x’and y’ axes, is S, /
o
a‘cos? Bsin* 9 1 - ; ,-
L.,, = 2[—725L +E(asine)(acosa)(i‘_‘:ﬂ)(“'“")] / .
6
- adesin? §cos @ Tl ¢ -f_‘x
12 7
( X
| Ctacess asing
The product of inertia of the paralielogram [Fig. (d)] aboutx and y axes is < “
)

Ly=l, +add

_ @csin Bcos § .

h 12 +(asin6)(c) (“‘a‘mw)(asme)
2

_ d*csin?@ 2

T (4acos6+3c) Ans




10-71. Determine the product of inertia of the cross
sectional area with respect to the x and y axes.

Product of Inertia: The area for each segment, its centroid and product
of inertia with respect to x and y axes are tabulated below.

Segment  A;(mm?) (dy);(mm) (d,);(mm) (Iy); (mm%
1 100(20) 60 410 49.2(10%)
2 840(20) 0 0 0
3 100(20) —60 —410 49.2(10%)
Thus,

Ly = ()i = 98.4(10°)mm* Ans

20 mm /100 mm

= 20 mm
| — 60 mm

400 mm

|
L7

410 mm

60 mm | 400 mm

20 mm %c::

"f@ 410 mm

100 mm

400 mm

20mmy{

T]-los mm«{ |~-20 mm

mm

*10-72. Determine the product of inertia of the beam’s
cross-sectional area with respect to the x and y axes that
have their origin located at the centroid C.

Ly = 5(1)(5.5)(=2) + 5(1)(=5.5)(2)

=—110in* Ans

10-73. Determine the product of inertia for the angle
with respect to the x and y axes passing through the
centroid C. Assume all corners to be square.

Centroid:

XA 0.125(0.25)(3) + 1.625(0.25)(2.75)

__ 08424 1

= 3a 0.25(3) + 0.25(2.75) 0-8424 in
5 5(0.25 125(0.25)(2.75

7:EyA:1 0.25)(3) + 0 0.25)(2 )=0‘8424in
TA 0.25(3) + 0.25(2.75)

Product of inertia about x and y axes:
I, = 0.25(3)(0.7174)(0.6576) + 0.25(2.75)(—0.7826)(—0.7174)

= 0740 in* Ans
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10-74. Determine the product of inertia for the beam’s
cross-sectional area with respect to the and v axes.

Moments of inertia /, and /..

1= SO0E00Y ~ 52803601 = $11.36(10) mm?
1= 20 50300 + £ G6m20) = 90.24(10)" mm'
The section is symmetric about both x and ¥ axes: therefore I, = 0. c x
20 mm —»{, - :
I =1 200 mm
L = —‘—2 S in 20 + fyocos 26 | - /‘ ‘
20 mm_ [ +
/511,36 - 90.24 . )
- (7 10 70T 507+ Ocos 40 ) 108
= 135¢1M* mm* Ans
10-75. Determine the moments of inertia [, and [, of s
the cross-sectional area. »
20 mm |20 mm
Moment and Product of Inertia about x and y Axes: Since the shaded
area is symmetrical about the v axis, 1, = 0. T
1 1
I, = — (@0 200° 2 a3 — (2 3
¢ )2( 12007y + 4002000 (1207) + 12(-()0)(40 ) 200 mm
= 142.93(10%) mm* 20 mm =
1 I l / =y 40 mm
L= 5200407 + 3 (30)(200%) = 27.73010°) mm* TI = N
Moment of Inertia about the Inclined u and v Axes: Applying Eq. 10- 200 mm
9 with # = —30°. we have “
h+1 1L —1,
I = Tyt T os 26 — I,y 8in 26 1
40 mm be—
_ ( 142.93 +27.73 14293 - 27.73 60°
2 2 cos(—607) 200 mm
—Olsin(—b()“)])(]()") 120 mm
= 114(10°) mm* Ans 40 mm ]] x
1o+ 1, I — 1, 200 mm
I = — cos 20 + 1, sin 2¢

2 2
142.93 +27.73
> —

142.93 - 27.73
2

(

cos(—607)

- ()!.sin(*60°)l) (0%

= 56.5(10°) mm*
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*10-76. Determine the distance v to the centroid of the

¥
area and then calculate the moments of inertia /, and /, -
of the channel’s cross-sectional area. The u and v axes
have their origin at the centroid C. For the calculation.
assume all corners to be square.
10 mm 10 mm
e =
|
300(10HS) + 2H(SOH 1M (35)} 125 A ‘
= = J..0 mm Ans 3 o
300(10) + 2503 10) 30 mm 120 i x
H) mun i . R
1 [ S R —
I = [me)uoﬂ 4 300(10)(12.5 — 5)-'} 150 mm 130 mm
i PRI e S VR
2 [Fum(so)l + 105035 — 12.5»3] BT T Ty ees T s s
0.9083(10")+43.53(10%  (0.9083(10%) —43.53(10°%) B
= 0.9083(10°) mm* = 5 + 3 cos 40° -0
1 1 < \
I = 503000 +2 [560)(10)‘ + 50€10)(150 — s>2} = 5.89(10%) mm* Ans
I+ L~ .
= 43.53(10%) mm* I, = 5 - cos28 + 1, sin 20
Iy =0 (By symmetry) 0.9083(10") +43.53¢10°)  0.9083(10°) —43.53(10°%) .
- — cos 407 +0
2 2
= 38.5(10%) mm® Ans
*10-77. Determine the moments of inertia of the shaded v
area with respect to the u and v axes.
0.5 in.
.
Moment and Product of Inertia about x and y Axes: Since the shaded ~/" u
area is symmetrical about the x axis, I, = 0.

1,

l(l)ti‘) + imu") = 10.75 in’
12 12 D

! o
@) +1HEH + SN = 3075 in’

i

Moment of Inertia about the Inclined u and v Axes: Applying Eq. 10-

9 with # = 30°, we have

Loty I -1,

I, = 5 + 3 Cos 26 — I, sin28
_ 10.75 ‘; 30.75 10.75 ; 30.75 COs6U° — Disin 607
=15.75 in" Ans
1. = l_‘:zii‘ — L cos 28 + 1, sin24
10.75 + 30.75 10.75 - 30.75 ; . .
- 3 — 3 cos 00 4+ O(sin 60 )
= 2575 in’ Ans

'%_FO.S in.

30°

,V
i !
25in. ¢ .
~  lin
| y
| __j._l
3 inv! ¥
\ !
i
|
¥
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10-78. Determine the directions of the principal axes

C ¥
with origin located at point O, and the principal moments
of inertia for the rectangular area about these axes.
- 3in.———
—_
1
L= ﬁ<3>(6>’ + (3)6)3)? = 216in
6in
1
L = 5(6)0)’ + (3)6)(1.57 = 54in*
L, = xyA = (L5)Y3)(3X6) = 81in*
=21k ~2(81) o x

anlf = —Ir = 27 _

8 = -22.5° Ans

LN ORI 216+54  [716-54Y
[nay =22 (—zl)ﬂfﬁ - t( - )+(ax)3
lae = 250 in* Ans
Iuin =20.4 in* Ans

10-79.  Determine the i
moments of i
product of inertia / Cross semianard (he

Take 6§ = 45° «w Of the beam’s cross-sectional area.

! 1
L = ZOOD + 2QW* + W01 + 16/}
= 5.515(10%) in*
= 2 @0’ + s
b = 500 + Sae4

= 1419(10°) in*

l,+£ -
I- = ) +L_2_Q00829—l” sin28

X
5.515 + 1.419 5.515 - 1.419
= 3 10%) + 5 (10%) cos90° ~ 0
= 3.47(10°) in* Ans
L = 347(10%) in* Ans

L-
o = ‘_zi sin26 + I, cos26

_ 5.515-1.419

> (10°) sin90° + 0

=2.05(10°) in* Ans
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*10-80. Determine the directions of the principal axes \
with origin located at point O. and the principal moments
of inertia of the area about these axes.

i ) l 5
1 = [FM)«,)’ + (4)(6)(3)‘} - [imw +n<|)»<4y] o

4in
= 236.95 in’
|
\ . L1 N
I = [Em)(w + (4)«7)(2)3] - [17(1)4 + 77(])2(3)2] %
= 114.65 in”
Ly = 10 + (O] — 10 + 7(1)(2)($)] = [18.87 in’ P P A
I= SEy **') I
. ~118.87 ) -
Ay = T T 123695 — 114.65) N e
B 2 236.95 + 114.65 (/236,95 — [14.65\° ,
= s iv 5 +(118.87)2

Hp = —31.388%; 58.612°

Thus, Lnae = 309 in® Ans

=42t .
By = ~314% fpy=S86°  Ans e

10-81. Determine the principal moments of inertia of
the beam’s cross-sectional area about the principal axes
that have their origin located at the centroid C. Use the
equations developed in Section 10-7. For the calculation, e

assume all corners to be square. -
gin.
] 33° 3 3N g3 6\"
L=2l—@ (2} +4(2)[a- = 22 (r-2
. [12‘)(8) + (3)( m)}“lz(x)( 8)
X
= 55.55 in*

[RGB

PRI R ,/
e 4 i, ]

+ ! (8) 3)‘
127\8
L+t (L =LY,
Inasimin = =3 £ | —5— 1
= 13.89 in’ 3 \/( 3 ) T
I,y = L¥vA / 2
55.55 + (3.89 55.55 — 13.89
=221 :{:V/< . ) +(=2073)2
= —2[(L.813 + 0.1875)(3.813)(3.625)(0.375)| + 0 B B
_ L4 ]
= -20.73 in* Lpax = 64.1 i Ans
D = 5.33 in’? Ans
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Al moments of inertia for
(he anele’s cross-sectional ared with respect to a set of
Jal axes that have their origin locath at the N [l(SO)(zo)’ . 80(20)(32‘22—10)2]
ation developed in Section 10-7. 12

corners to be squarc.

Iz Determine L= [%2&0)(100)’ + 100(20)(50-32.22)1]

princip
centroid C. Use the equ

For the caleulation, assume all 1620105 mat

1
L= [ﬁ(lm)(m)’ + 100(20)(32.22—10)1]
1
+ [1—2(20)(80)’ + 80(20)(60—32.22)2j|
v
20 mm ‘ = 3.142(10°) mat*
e I, = ZijA

= —(32.22-10)(50-32.22)(100)(20) - (60— 32.22)(32.22 - 10)(80)(20)

= -1.778(10%) mm*

I +1 T ~1
¢ lngimin = _L2 + (=2 3 P+

100 mm |

I T B - K. ‘ = 3']42(106):*: 0+ (CLTBa0
om0 mm T T T
hna = 492(10°) mm* Ans
Inin = 1.36(10°) mm" Ans

10-83. The area of the cross section of an airplane wing
has the following properties about the x and y axes passing
through the centroid C: T, = 450in*, [, = 1730 in*,
[,, = 138 in*. Determine the orientation of the principal
axes and the principal moments of inertia.

ﬁ X
N ¢

tan26 = —2hy _ _=2138)
L -1 450-1730

6 = 6.08° A

ns
-5 L4y ] - 6.08°
e = S22 Pl

_ 450 + 1730 4501730
22, (ﬁ
2 2

2
) + 1382

b = 1.74(103) in* Ans

L. = 435 in* Ans




*10-84. Determine the moments of inertia I, and [, of
the shaded area.

e

20 mm

200 mm

—" }-— 200 mm

40 mm

Moment and Product of Inertia about x and y Axes: Since the shaded
arca is symmetrical about the x axis, I, =0

1, %(200)(403) + %(40)(2003) = 27.73(10°) mm*

Bl
I

%(40)(200% + 4002000 (120?7) + %(200)(40-‘)

= 142.93(10¢) mm*

Moment of Inertia about the Inclined u and v Axes: Applying
Eq. 10-9 with 6 = 45°, we have

L+l =1
Lh=——7F—1+"—

cos 26 — /., sin 26

i

P

T34 14293 2773 — 14293
2(277 +14293 | 27731429 cos90°—o<sin90°))(1(m

= 85.3(10%) mm* Ans
L+l IL—-1, .
I, = % - —T— €08 20 + I,y sin26

2773 + 14293 2773 — 14293
= ( ': - 3 cos 90° — 0(5in90")) (10%)

= 85.3(10%) mun’ Ans

120 ‘
mm ‘ 40 mm

200 mm

—A'—lj x
——

200 mm

40 mm
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10-85. Solve Prob. 10-78 using Mohr’s circle.

See solution © Prob. 10-78.

I =216in*
I, = S4in'
L, = 8tin'
I+ 1
Center of circle : 3 L =135

R = J(216 - 1352 + (81} = 114.55
Inas = 135 + 114.55 = 250in*  Ans

Ian = 135 - 114.55 = 20.4in* Ans

10-86. Solve Prob. 10-81 using Mohr's circle.

(LN‘A,O) \l\m(tmlo)
¢ 1‘}2,0)] ](105 men*
See prob. 10— 81. ‘ \la/

L = ssss it (392, -1778)
[, = 55.55 in

1, = 13.89 in*

L, = -20.73 in*

Center of circle;

L 34.72 in*
5 = . in

R = (55.55 — 34.72)% + (-20.73)? = 29.39 in*

L = 3472 + 29.39 = 64.1 in* Ans
I, = 3472 - 2939 = 533 in* Ans
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10-87. Solve Prob. 10-82 using Mohr's circle.

Iy {10%) e

See Prob. 10— 82.

L = 3.142(10°) mm'

3.M2, -1973)
3.142(10%) mm'

H

4
L, = -1778(10% mm*

Center of circle;

i;_’z_ = 3.142(10%) mm*

R = /G131 + (17782010% = 1.778(10%)
L = 3142(10% + 1.778(10%) = 4.92(10°) mn® Ans

Lia = 3.142010%) - 1.778(10%) = 1.36(10%) mm’ Ans

*10-88. Solve Prob. 10-80 using Mohr’s circle.

See solution tp Prob. 10-80.
& = 236.95jp*
b o= 114.65in*

Ly = 118.87in*

L+ = 23695 + 11465
2 T = 175.8in*

R = /(23695 = 17587 + (118877 = 133.68 in*

fua = (175.8 & 133.68) = 309 in* Ans

faie = (175.8 - 133.68) = 42,1 jp¢ Ans

0 - m_,( 118.87
, 11887
4 (236.95 = 175.8)) = 6278

6 = -3L4° Apg

O = 0°-3140 560 o
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10-89. Solve Prob. 10-83 using Mohr’s circle.
From Prob. 10-83,

To=ds0int, Ty=17300n", Te = 138 i’

Center of circle

= 1090 in’

T-+Tc 450 +1730
2 2

———

Radius R = /(—640)7 + (138)?
R = 654.71(—640)2 + (138)°
— 1090 + 654.71 = 1744.7 = 1.74( 107y in*  Ans

Tnax

L = 1090 — 654.71 = 435 in® Ans

min

”maxv())
1

$10-90. Determine the moment of inertia I, for the
slender rod. The rod’s density o and cross-sectional area
A are constant. Express the result in terms of the rod’s
total mass »1.

I, =/ dm
M

x“(pAdx)

I
'c\_

pAD

W -

m=pAl

Thus,

1
Iy = 3 mi2 Ans

z

10-91. Determine the moment of inertia of the thin ring
about the z axis. The ring has a mass m.

l,=[)' P ARIOR =21 p AR}

2
m:f pARAI =27 pAR
0

Thus,

[ = mR> Ans
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*10-92. Determine the moment of inertia 7, of the right
circular cone and express the result in terms of the total
mass m of the cone. The cone has a constant density p.

Differential Disk Element: The mass of the differential disk element

2
o, .
is din = pdV = prvidx = pr (T’X-) dx. The mass moment of
2
o ) 1 , 1 P
inertia of this eclement is dJ, =;dmy ==|pr | —=x°}dx

2 h?
2 4
oYL PR s
(h—z.r ) _—Zth dx.

Total Mass: Performing the integration, we have
h

A 2 2 3
re prrre [ a” 1 -
m= [‘ dm = /; pr (h—:.\'z) de = p;:z (T)PU = §4lnr'l1

Mass Moment of Inertia: Performing the integration, we have

h 4 4 s\ |7
_ _ prrt o part (x
Il—/‘tll‘—[) 2/’4A clx——zm (—5)“

The mass moment of inertia expressed in terms of the total mass is

1
= —pnr*h

10

3 /1 A 3
I = % (g/mrzh) ro= mmr2 Ans

h

X

10-93. Determine the moment of inertia /, of the sphere
and express the result in terms of the total mass m of the
sphere. The sphere has a constant density p.

v dm
5

di, =
dm = pdV = p(ry’dx) = pr(r? — x%) dx

1
dil, = ;pnf(r2 - xD? dx

1 B 2
1, = ./;r E/m(r‘ — a1y dx

8 s
= =T pr-
37

m= / pr(rs —xHdx

4
= —par?
._3p:rr
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10-94. Determine the radius of gyration k, of tk;e
paraboloid. The density of the material is p = 5 Mg/m”.

Differential Disk Element: The mass of the differential disk
element is dm = pdV = pryv® dx = pr(50x) dx. The mass moment

! .1
of inertia of this element is d/, = Edmy- = ;lpn(SOx) dx}(50x) =
pr

2

(2500x7) dx.
Total Mass: Performing the integration, we have
20 . .
m= / dm :/ pr300)dx = pr (25X = 1(10%) p
it 1
Mass Moment of Inertia: Performing the integration, we have

200w
I= f[u‘ =/ 22 (2500x%) dx
A 2

‘ 200 mm

o (2500\1)
IR

= 3.333(10°)pn

The radius of gyration is

T 3333000
ko= = 2N PT 599 mm Ans
Ym ¥ Hi0Mpr

200 mm —+

100 mm

10-95. Determine the moment of inertia of the semiel-
lipsoid with respect to the x axis and express the result
in terms of the mass m of the semiellipsoid. The material
has a constant density p.

u?

2
Differential Disk Element: Here, y* :hz(l - L) The mass
of the differential disk element is dm = pdV = pry’dx =

- X"‘
prh* (l - u—3) dx. The mass moment of inertia of this element is

i N 1 ’ X2 x2 paht
L dme? = - 2 i
dl, = 3 dmy® = 3 [/mh (l uz)dx] [bl (l - a_:)] ==

o2
(a_‘ T + l)(lx.

Total Mass: Performing the integration, we have

m= / dm
e

v = prh’ (x - —

2 A
= gprmb-

Mass Moment of Inertia: Performing the integration, we have

“ prht (it 2
L= | dl, = —— = - — +1}d
/1 [, 3 (u‘ P + )d\

onh?

The mass moment of inertia expressed in terms of the total mass is

2/2
n-3

664

prab®
3

b’ 2 b
h- = —mb-
5"1)

Ans



*10-96. Determine the radius of gyration k.. The
specific weight of the material is ¥ = 380 Ib/ft’,

dm = pdV = prvidx ¥

1 51
dil, = ;((lnz))" = ;:rpy" dx

%npx‘f‘-‘ dx =86.17p

1
m 2 dy = 60.32p

r
r

—
H f86.17p
= /X = = 1201
ke —\/m = ‘/0032‘) = 1.20 in. Ans

10-97. Determine the moment of inertia of the ellipsoid
with respect to the x axis and express the result in terms
of the mass m of the ellipsoid. The materiai has a constant
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10-98. Determine the moment of inertia of the N
homogenous triangular prism with respect to the v axis.

Express the result in terms of the mass m of the prism.

Hint: For integration. use thin plate elements paraltel to Lohy
the x-y plane having a thickness of dz. g

Differential Thin Plate Element: Here. x = d (1 - , ) The mass
T
of the differential thin plate element is dm = pdV = pbxdz = pab

(1 - ;—)d:. The mass monent of inertia of this element about v 7
t
Axis s /

dI, =dl; + dmr?

= Ldma v d (x:'J)
»lzl"l,[ dm ATA

! :Ll _1[
7—3~.\' m+ 27 dm

Total Mass: Performing the integration, we have

h

[ 2
_ - N, Y !
m= /,:I dmn A.A /ml}(l - E)zh = pbh ( - 5)1 = 5;)51[7}1

Iy

Mass Moment of Inertia: Performing the integration, we have

2 s
. 3a” > a* 373

i 2
i =/dl = [ 2 (s 2 Ypag o Z T
¥ v 3 I PR + 3z — n )4/:, The mass moment of incrtia expressed in terms of the total mass is

. X b [ pabh m
=2 (e - W@ L e o (557 )t o= iy
3 h: 2h 43T T T an ),
pubh
= (a* + h?)
12

10-99. The concrete shape is formed by rotating the
shade(i area about the y axis. Determine the moment
of inertia /,. The specific weight of concrete is y =
150 Ib/ft’.

dli

{ L,
= E(dm)(l())~ — ;(zlm)xz

i I
= 5 lrp0 dy10F ~ Enpx»‘dy,rz

; __I 8 . Sy 2 N N
» 3 A(H’) U/A\'*A (5) vody
i =
_ 3 (150) FACAR
= 3za027 |10 - (E) (3)“‘)‘

= 324.1 stug - in’

1, =225 slug - v Ans
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*10-100. Determine the moment of inertia of the wire
triangle about an axis perpendicular to the page and
passing through point O. Also, locate the mass center G
and determine the moment of inertia about an axis
perpendicular to the page and passing through point G.
The wire has a mass of 0.3 kg/m. Neglect the size of the
ring at O.

Mass Moment of Inertia About an Axis Through Point O : The mass
for each wire segment is m, = 0.3(0.1) = 0.03 kg. The mass moment of inertia
of each segment about an axis passing through the center of mass can be

1
determined using (i), = Emlz. Applying Eq. 10— 16, we have

Iy =Z(lg), +m,d}

= 2[% (0.03) (0.1) +0.03( o.os’)]

1
+13(003)(0.1) +0.03(0.15in 60°)°

=0.450(10") kg-m? Ans
Location of Centroid :
__Zym _ 2[0.05sin 60°(0.03)] +0. 15in60° (0.03)
YR T 3(003)
=0.05774 m = 57.7 mm Ans

Mass Moment of Inertia About an Axis Through Point G : Using
the result, = 0.450( 10°°) kg-m? and d = 5 = 0.05774 m and applying
Eq.10-16, we have

Ip=1; +md?
0.450(107) = I;+3(0.03) (0.05774)

15 =0.150(107) kg m? Ans

0
.G
60° \
L B

l——— 100 mm ———

0

N\ o5m[
AWSM%
e —L

-

00551760

015in6o’m

1

10-101. Determine the moment of inertia [:- of the
frustum of the cone which has a conical depression. The
material has a density of 200 kg/m”.

667

"

31 2 H
—(= X 1.6)(200)]1(0.4
10[371'(04) (1.6)(200)]1(0.4)

3.1 2 2
— = [~ (0.2)*(0.8)(200)](0.2
10[37r(()2) (0.8)(200)]1(0.2)

31 2 2
R X .6)(200)](0.4
10[3”(04) (0.6)(200)1(0.4)

1.53 kg-m® Ans




ent of inertia of the wheel
hrough the center of mass
y =90 b/t

10-102. Determine the mom
sbout the x axis that passes !
G . The material has a specific weight of

0.25

L1ie

Mass Moment of Inertia About an Axis Through Point G: The mass
moment of inertia of ¢ach disk about an axis passing through the center
of mass can be determine using (o) = imr:. Applying Eg. 10-16,

we have

I = ZUgh +m;df

[ m(2.5)Hi%0) L[ @0I5H0O0 T .,
= 5[ 322 ](2'5 -3 [”_"Tzz_—} o

1 [ 7(0.2553(0.25190) 7(0.2510.25)(90)
gy T 2452 oA e 2
{2 [ 322 ](0"5 H[ 322 ]“ )}

= [18 slug- 112 Ans
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10-103, Determine the moment of inertia of the wheel
about the x’ axis that passes through point (. The material

has a specific weight of y = 90 Ib/ft.

X—H1+—X

S 025t

X'J——]—X'
k1 i

Mass Moment of Inertia About an Axis Through Point G: The mass
moment of inertia of each disk about an axis passing through the center
of mass can be determine using ({g); = Emrz. Applying Eq. 10-16,

we have

Tin
Ig = T(ig), + mid? v

2H

1 [7(2.52 N 7(2(0.75)(90
B [v( )(I)(90)}(2'5_)vl[7( )0 )(9()}

2 322 2 322

202 o
g [L[702502500] 0 oo T075 1t
3 322

[ﬂ\O.ZSZ)(O.ZS)(‘)O)] “z)}

22 O oasw
=t 0.25

= 118.25 slug - f*

Mass Moment of Inertia About an Axis Through Point O: The mass
of the wheel is

m =

7(2.5%)(1)(90) _ 7(27)(0.75)(90) 4 m(0.252)(0.25)(90)
322 322 322
= 27.989 slug

Using the result I = 118.25 slug - ft’ and applying Eq. 10-16,
we have

I = I + md?

= 118.25 + 27.989(2.5%)

293 slug - ft? Ans

it
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#10-104. The pendulum consists of a disk having a mass
of 6 kg and slender rods AB and DC which have a mass
of 2 kg/m. Determine the length L of DC so that the
center of the mass is at the bearing 0O.What is the moment
of inertia of the assembly about an axis perpendicular to
the page and passing through point O?

Location of Centroid : This problem requires £ = 0.5 m.

__Lim

T T

5= 1.5(6) +0.65[1.3(2)] +0{L(2)}
6+1.3(2)+L(2)

L=639m Ans

Mass Moment of Inertia About an Axis Through Point O : The mass
moment of inertia of each rod segment and disk about an axis passing through

the center of mass can be determine using (/g); = émlz and (/)

mr® . Applying Eq. 10— 16, we have

!
2
Ip = E(g), +md}
= é“-m”( 13%) +(1.3(2)1 (0.15%)
+ 5163921 (639°) +1635(1 (05

1
+5(6(02') +6(1)

=532kg - m’ Ans

N

10-105 sle

Dc[c)ra.-Thc slender rods have a weisht of 3 th it

> a‘(ir:mc the moment of inertia of the &sscmbl\' uhou£
Xis perpendicular to the pave : ing t

Y ¢ page and passing through

3

_1 1 3 3
1= 3005530 " + GO B + G’

= 2.17 slug-f

Ans

322
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10-106. Determine the moment of inertia I, of the
frustrum of the cone which has a conjcal depression. The
material has a density of 200 kg/m®.

Mass Moment of Inertia About z Axis : From similar triangles,
: il z=0.333 m . The mass moment of inertia of each cone about z

02 038
) 3,
axis can be determine using £ ="
L=X(), = %[’3'(0‘8’) (1.333)(200)](0.8’)
- -135[; (02) @339 200)|(07°)
3rz 2 2
~-2[Z(02%) (0.6)(200) |(0.2°)
10[3(02 )08 ]

=342kg m’ Ans

28m

10-107. The slender rods have a weight of 3 Ib/ft.
Determine the moment of inertia of the assembly abqut an
axis perpendicular to the page and passing through point A

=B ]ars g ]or o33 ]ar =1t umg: # Ane

*10-108. The pendulum consists of a plate having a
weight of 12 Ib and a slender rod having a weight of 4 Ib,
Determine the radius of gyration of the pendulum about
an axis perpendicular to the page and passing through

point )
lo = Elo + md?
12 Vagp
= 115(3?‘72)(5)2 * (35‘”'2)(0' ¥+ %2(3112'2)“1 * m*(nz)"

=4.917 slug- ¢

m= (3‘_2‘_2)+(_‘£.) = 0.4969 slug

-J'_I-O:- i‘-ﬂ-—’3.15ﬁ Ams
fo m “0.4969

322




10-109. Determine the moment of inertia of the over-
hung crank about the x axis. The material is steel having

a density of p = 7.85 Mg/mj.

Let m = mass of one handle.
m= p(ﬁrzh)
= {7.85 x 10%)7(0.010)*(0.050)

=0.1233 kg

Let M = mass of bar.
M = plabe)
= (7.85 x 10H(0.03)(0.18)(0.02)

= 0.8478 kg

For the assembly,

i . 5
[, =2 (]EmrZ + m(lz) + EM((I“ + by
t 5
=2 [;(0.1233)(0.010)2 + (().1233)(().0()())']

! ) )
+ 75 (0-8478)1(0.030)" + (0.18)°]

=325 x 107" kg - m?

20 mm

T
|

I
90 mm

\
L‘S() am |
I

20 mm

1

|
20 mm—=|

-

bS50 m:

| 30mm
_t .

t
30 mmH

10-110. Determine the moment of inertia of the over-
hung crank about the x” axis. The material is stee! having
a density of p = 7.85 Mg/m”.

From 10-109, m = 0.1233 ky. M = 0.8478 kg, and
Fo=325x 107 kgm™>.

I =1, + Q2m + M

=325 x 1077 4 {2(0.1233) + 0.8478)(0.060)"

=720 x 107" kg-m?

20mm S _
30 mm
™
90 mm N
50 mm
X 180 mm
20 mm
_r_" i w 30 ;
4 30mm
L I M o
20 mm 44 F,———-‘ 30 mm

30 mm
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10-111. Determine the location of y of the center of
mass G of the assembly and then calculate the moment
of inertia about an axis perpendicular to the page and
passing through G. The block has a mass of 3 kg and the

mass of the semicylinder is § kg.

Location of Centroid :

y 350(3) + 115.12(S
‘=§£=——()——(—)-=203.20mm=203mm Ans

Im 3+5 4(200)
™ |300mem
Mass Moment of Inertia About an Axis Through Point G : The mass
moment of inertia of a rectangular block and a semicylinder about an axis passing
through the center of mass perpendicular to the page can be determine using

1 1 4ry?
(lz)c=ﬁ’"(“1+bz) and (I‘)G=-2-mr2—m(3—:-r) =0.3199mr?

respectively. Applying Eq. 10~ 16, we have

I =L(L)g, +md}

!
=[ﬁ(3)(o.32+o.42) +3(0.14681)]

+{03199(5) (02") +5(0.08808") |
=0.230 kg m Ans
L S 500!7!'71
G L
: =
j:uj o 20 P
28-08

*10-112.  The pendulum consists of two slender rods AB
and OC which have a mass of 3 kg/m. The thin plate has
a mass of 12kg/m?. Determine the location ¥ of the
center of mass G of the pendulum, then calculate the
moment of inertia of the pendulum about an axis
perpendicular to the page and passing through G.

~0.4 m—0.4 m=
: ! H

Al = B8

T Oj - T

7 : - 1.5(3)(0.75) + x(0.3)2(12)(1.8) — 7(0.1)2(12)(1.8)
i } 1.5(3) + x(0.3)2(12) - x(0.1)2(12) + 0.8(3)

! L - 1.5 m = 0.8878 m = 0.888 m Ans

1
o = 5(0.8)(3)(0.8)° + 0.8(3)(0.8878)*

1
+ (19GN19 + 1.5(3)(0.75 - 0.8878)°

1
+ 3[7(03)7(12)(03) + [7(0.3)2(12)1(1.8-0.8878)°

1
= 3[R O.D*A0.)? - [2(0.1)(12))(1.8-0.8878)°

I; = 5.61 kg-m® Ans
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10-113. Determine the moment of inertia of the beam’s

cross-sectional area about the x axis which passes through
the centroid C.

sl

[FERRYPgE e S

Moment of Inertia : The moment of inertia about the x axis for the composite
beam's cross section can be determined using the parallel ~ axis theorem

%
I, =2(I, +Ad}) .

I =[Ili(d)(d’)+0]

o] | ——1-7
+4L—L(O.2387d)(;)3+—;(0.2887d)(;)(g)2:| a \ _—_%_é_ —_ k
= 0.09544" g

Ans

10-114. Determine the moment of inertia of the beam's

cross-sectional area about the y axis which passes through
the centroid C.

ar
A&

Moment of Inertia : The moment of inertia about yaxis for the composite
beam'’s cross section can be determined using the parallel - axis theorem

L, =X(f+Ad) .

1 df| ?6 s
’y=[1—2(d)(d’)+o] o—x

1 ! diy| |\ ozt Lossid
+ 2[5 () (0.2887)’ + - () (0.2887d) (0,59624)’]
=0.187d"

sl e
Ans QT% df; ")
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10-115. Determine the moment of inertia 7, of the body
and express the result in terms of the total mass m of the
body. The density is constant.

X
H
5 b, 2t .
dm = pdV = payldx = prn|{ %+ —x+ b |dx
a? a
di, = %dmyZ = %prryJ dx
[ b 4p* ob* ap*
dl, = =pn Zatr oty —)7712 + 2 b ) dx T
2 at a3 at a b
i x
Lre 4p* 6b* 4h*
I = /(11, = %pﬂf (—Ax‘ + —;x" + A),—xz + B +b4) dx -
: h \a a’ a? a "
e VY
f—a
31
= IT)/)frub4
a g p? 252 w 7 N
m= / dm = prrf (—:XZ + —x+ b‘) dx = -prab”
m 0 o\a° a 3
l= 2 mp A
= o ns
70
*10-116. Determine the moments of inertia /, and I, of ¥
the shaded area.
r=fau .
by b
:/ —vidx= L3 dx
o 3 o 3 b ¥
— h3 In+1 ¥
Gn + 1)3h>
J
= Ans '
33n+1) l
X
I, = f dA
b
h .
= f B2 gy
o bn
- ‘_h__bn+’$
bn + 3)
toa
= b'h Ans

n+3
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10-117. Determine the moments of inertia I, and [, and
the product of inertia /[, for the semicircular area.

1
L=1= —87:(60)“ = 5089 380.1 mm"

L,=0 (Due to symmetry)

L L-
L= ‘;l’ +-"—2—Ilcos29—1, sin26

y

5089 380.1 + 5 089 380.1 .

= 0-0
2
I = 5.09(10°) mm* Ans
+ —
I = LhL] —ucos29+lx sin20
2 2 y
5089 380.1 + 5 089 380.1
= -0+0
2
L = 5.09(10%) mm* Ans

L, = ik sin28 + L, cos 26
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*10-118. Determine the moment of inertia of the
shaded area about the y axis.

I - dv=4-x?
1t RN
N
! AN
1 N
T X
. P 2t
Differential Element : Here, y = z(«t—x’) . The area of the differential
1
element parallel 10 the y axis is dA =yd.x=z(4-xz)dx‘
Moment of Inertia : Applying Eq. 10~ 1 and performing the integration, we
have X
T !
_.J' sz_lzn 104 z)dx (i,{)
r =27 _z-znx( o Ift 7‘1-
2
=l[fx’_lx’}| ~ p—da X
413 5 -
=213t Ans 2ft 2ft

10-119. Determine the moment of inertia of the shaded
area about the x axis.

T = \Qv:li‘_x:

—2ft ]

1 .
Differential Element : Here, y = i ( 4—x1) . The area of the differential

element parallel to the y axis is dA = ydx . The moment of inertia of this
differential element about the x axis is

dlxsd’x’+d“iz
- l(dx) 3+ d‘(y)z
BEVAREARE At
Iri 4
=§[z(4—xz)] dx
=r;2(—x°+12x‘~48x2+64)dx

Moment of inertia : Performing the integration, we have

_ _ 1 N P . 2
L=la, _mj‘_m(-x +12x* - 48 + 64) dx

101, 12 . )zn

= e[ ~mx + —x® = 16" + 64x

192( Frer e I_,,.
=0.610ft* Ans
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*10-120. Determine the moment of inertia of the area

about the x axis. Then, using the parallel-axis theorem,
find the moment of inertia about the x’ axis that passes 200 mm —
through the centroid C of the area. y = 120 mm. —rﬁ ;

200 mm

Differential Element : Here, x = ,/200y". The area of the differential
element parallel to the x axis is dA = 2xdy = 2y Z(X)y;dy .

:loment of Inertia : Applying Eq. 10— 1 and performing the intcgration, we
ave

L= JA ylda = I:M“y’(Zfﬁy"dy )

=2m(zy;)lzoo--
7 ° L,._x_.,_J‘C_qi
=914.29(10°) mm* =914 10°) mm*  Ans “
yT (Zv- ‘T
IS

The moment of inertia about the x” axis can be determined using the parallel -

) 200mm
axis theorem. The areais A = = 3
IA dA J' . 2By =5333(10°) mu?

I =[-‘.'0-Ad,z
914.29(10°) =1,. +53.33( 10%) ( 120%)

1. =146(10°) mm'* Ans

10-121. Determine the moment of inertia of the triangular
area about (a) the x axis, and (b) the centroidal x’ axis.

_ b
() dA =sdy= [',"(’l-y)]dy
L=[yu

- A b
= [y h-nia
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10-122. Determine the product of inertia of the shaded
area with respect to the x and v axes.

1
Differential Element: Here. x = v3. The area of the differential element

i
parallel to the v axis is dA = xdy = ¥3dy. The coordinates of the

-
centroid for this element are ¥ = — = —y3. ¥ = y. Then the product

[SIR
b |

of inertia tor this element i
diy, =dley +dAVY

P
=0+ (+Tdy (;_\w> (v)

s
= —vidy

2
Product of Inertia: Pertorming the integration. we have

1)

. s 1 s
Iy = / df :/ ;4\‘3{1»\‘ = ;\'3i =0.1875 m* Ans
0

2 LN
.\v
Im
"
|
—
SO S|
|
]
‘”‘l { T
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11-1.  Use the method of virtual work to determine the
tensions in cable AC. The lamp weighs 10 1b.

Free Body Diagram : The iension in cable AC' can be determined by releasing
cable AC. The system has only one degree of freedom defined by the independent
coordinate 8. When 8 undergoes a positive displacement 66, only F, - and the
weight of lamp (10 1b force) do work.

Virtual Displacements : Force F, - and 10 Ib force are located from the fixed
point B using position coordinates y, and x,, .

x, =lkos 8  &x, = -Isin 856 m
y.=kin8 8y, =icos 656 [2]

Virtual - Work Equation : When y, and x, undergo positive virtal

displacements 8y, and dx,, , the 10 Ib force and horizontal component of F, ¢, yA
F, ccos 30° do positive work while the vertical component of F, ¢, F, csin 30°

does negative work.

8U=0; 108y, ~ F,~sin 30°8y, + F, ccos 30°8x, =0 (3]

Subsdtuting Egs.{1] and [2) into {3] yields

(10cos 8-0.5F, ~cos 8- 0.8660F, -sin 8)166 =0

Since 150 # 0, then
10cos 6

For S e
4€ 7 0.5cos 6+0.8660sin 6

At the equilibriur position 6 = 45°,

Fo= 10cos 45° 732
AC = 3 Scos 45°+ 0.8660sn d5e ~ 2P Ans
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11-2. The uniform rod OA has a weight of 10 Ib. When
the rod is in vertical position, ¢ = (°, the spring is un-
stretched. Determine the angle # for equilibrium if the end
of the spring wraps around the periphery of the disk as
the disk turns.

Free Body Diagram: The system has only one degree of freedom

defined by the independent coordinate #. When # undergoes a positive

displacement 89, only the spring force and the weight of rod (10 1b

force) do work.

Virtual Displacements: The 10 Ib force is focated from the fixed point

B using the position coordinate vy, and the virtual displacement of

point C s dxg.

yp=lcos 8 dyp= —sin 080 1]
S = 0.586 2]

Virtual— Work Equation: When points B and C undergo positive

virtual displacements 8y and 8xc. the 10 Ib force and the spring

force F,p,, do positive work.

SU =0, 108yg + Fpdve =0 13)

Substituting Egs. {11 and {2] into [3] yields

(—10sin 6 +0.5F,) 86 =0 4]

However, from the spring formula, F, = kx = 30(0.5¢) = 156.
Substituting this value into Eq. 14| vields

(—10sin 6 +7.5) 56 =0
Since 88 # 0, then

—~1{0sin 0 +7.36 =0

k=30 Ib/ft

Solving by trial and error

6=0" and &=731" Ans

11-3. Determine the force F acting on the cord which is
required to maintain equilibrium of the horizontal 10-kg
bar AB. Hint: Express the total constant vertical length |
of the cord in terms of position coordinates s, and s2. The
derivative of this equation yields a relationship between
5] and 32.

Free—Body Diagram: Only force F and the weight of link AB (98.1 N)
do work.

Virtual Displacements: Force F and the weight of link AB (98.1 N)
are located from the top of the fixed link using position coordinates
¥ and s1. Since the cord has a constant length. /. then

45y — 50 =1 485y — 82 =0 [
Virtual— Work Equation: When s¢ and s; undergo positive virtual
displacements 851 and 8s,, the weight of link AB (98.1 N) and force
F do positive work and negative work, respectively.

SU =0; 98.1(—8s5;) — F(—852) =0 i2]
Substituting into Eq. [2] into | 1] yields

(~98.1 +4F) 85, =0

Since 85y # O, then
— 981 +4F =0

F =245N Ans

10981y =98.1 N

681



11-4.  Each member of the pin-connected mechanism has
4 mass of 8 kg, If the spring is unstretched when 8 = 0",
determine the angle 6 for equilibrium. Set & = 2500 N/m
and M = 50 N-m.

veo= (13N #
vo = .3snd
Svi = D 15cos 888
Svy = 0.3 cos 688
U= 0 2(78.48)av) + 78.4RSyn — Fadyy + 5086 =0
[2(78.48)(0. 15 cos #) + TRA8(0.3 cos &) — Fr0.3cosd) + 50188 = O
47.088 cos 0 — Fa(03cosh) + 350 =0
Fy = 250000.3sin#) = 750sin¥
47088 cos 7 — 11255026 + 50 =0
Sotving. ¢ =27.4° Ans

or =727 Ans

300 mm

11-5. Each member of the pin-connected mechanism has
a mass of § kg. If the spring is unstretched when 6 = 07,
determine the required stiffness & so that the mechanism
is in equilibrium when 8 = 30°. Set M = 0.

vi = 0.15sin6, ¥, = 0.3sind
Sy == 0.15cos888.  dva = 0.3 cos 636
dU = 0;  2(78.48)8y + 78.488vy — Fady, =0
12(78.48)(0.15cos 8) + 78.48(0.3cos 6) — FA(0.3cos6)jée = 0
6 =300 Fr=k(0.3sin30") = 0.15¢
2(78.48)(0.15 cos 30} 4 78.48(0.3 cos 30°)
—0.15k(0.3¢0830°) = 0

k= 1.05 kN/m Ans

11-6. The crankshaft is subjected to a torque of M =
50 N-m. Determine the horizontal compressive force F
applied to the piston for equilibrium when 6 = 60°.

(0.4)° = (0.1)2 + 3 — 2(0.H{x) (cos H)
0=0+2x8r +0.2xsin08¢ — 0.2cos Bdx

U =0, 5086 — Féx =0

Fort/ = 60", « = 04405 m
Sx = —0.09769860
(=50 + 0.09769F)50 = (3

F=512N Ans
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11-7. The crankshaft is subjected to a torque of
M = 50N-m. Determine the horizontal compressive
force F and plot the result of F (ordinate) versus 6
(abscissa) for 0° = 6 = 90°.

0 =0+ 2x8x + 0.2x sinf 56-0.2 cos@ 6x

(0.4)% = (0.1)? + x* - 2(0.1)(x)(cos8) 1)

0.2xsin@
= ()86
8 = G eso =%
U =0, -5086-Féx=0
0.2x siné
-5060 - f‘(m)ao =0, 30 # 0
o 30(2x-020056)
T T 02xsin@
From Eq. (1)
- 02xc0s6 -0.15=0
. V X 20 + 0.6
x = 920086 y 0.04c0s , since ¥ 0.04cos26 + 0.6 > 0.2

2

_ 0.2c0s6 + /0.04cos?6 + 0.6

2

500« 0.04cos20 + 0.6
Ans

" (02c0s8 + 0.04c0576 + 0.6)sin @ — s
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#11-8. Determine the force developed in the spring

required to keep the 10 Ib uniform rod A8 in equilibrium
when 6 = 35°

1

‘ = 15 b/t ~
kISt oy

i l ,/

] / .

M= 101h-ft

Free - Body Diagram : The system has only one degree of freedom defined by
the independent coordinate 6. When 6 undergoes a positive displacement 56,

only the spring force F,, the weight of the rod( 10 Ib) and the 10 Ib- ft couple

6 ft
moment do work.

Virtual Displacements : The spring force £, and the weight of the rod
(10 1b) are located from the fixed point A using position coordinates x5 and
xc. respectively.

xp =6cos @  Oxg =~6sin 858 [8Y]
yc=3sin@  Syc =3cos 858 (2]

Virtual - Work Equation : When points B and C undergo positive virtual
displacements 8xgand Sy, the spring force £, and the weight of the rod
(10 Ib) do negative work. The 10 Ib- {t couple moment does negative work
when rod AB undergoes a positive virtual rotation §6.

§U=0;, —FE,b&x; ~108y. ~1080=0 {3

Substituting Eqgs. (1] and [2] into {3] yields

(6F,, sin 8-30cos 6-10) 56 =0 14

Since 8§68 = 0, then
6F,,sin 6—30cos 6-10=0
30cos 8+ 10
F,= —————
6sin 8

At the equilibrium position, 8 = 35°. Then

_ 30c0s 35°+ 10

=~ = 10.00 Ans
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11-9.  Dctermine the angles  for equilibrium of the 4-1b
disk using using the principle of the virwal work. Neglect
the weight of the rod. The spring is unstretched when 0 =
0" and always remains in the vertical position due to the
roller guide.

Free Body Diagram : The system has only one degree of freedom defined by
the independent coordinate 8. When 8 undergoes a positive displacement 56,

, k = 50 Ib/ft
only the spring force F,, and the weight of the disk (4 1b) do work.

Virtual Displacements : The spring force F,, and the weight of the disk
(4 Ib) are located from the fixed point B using position coordinates ycand y,,
respecuvely.

ye=1Isin§  8ys =cos 660 {4
yi=3sin8 8y, =3cos 856 (2]

Virtual - Work Equation : When points C and A undergo positive virtual

displacements 8yand 8y, , the spring force F,, does negaive work while the

weight of the disk (4 1b) do positve work. %A
SU=0, 48y, ~F,8yc =0 (3] 62;‘

Substituting Egs.{1] and [2] inw [3] yields

(12-E,)cos 688=0 t4]

However, from the spring formula, 5, = kx = 50(1sin 8) = 50 sin 6.
Substitunng this value into Eq. (4] yields

(12 - 50sin 8)cos 856 =0

Since §6 = 0, then
12-50sin 8=0 6=13.9° Ans

cos =0 6=90° Ans

11-10. If each of the three links of the mechanism has
a weight of 20 Ib. determinc the angle 6 for equilibrium
of the spring, which. due to the roller guide, always
remains horizontal and is unstretched when 6 = (0°.

x = 2sing, 6x = 2 cos6 50
 ,1\
/ Y1 = 2cosé, Oy, = -2sin@ §0
¥y, = 4 cosé, 8y, = ~4sin@ 50
Ax = 2 sin6

F = kAx = 50(2 sin6) = 100 sin@

8U = 0;  -208y, — 2208y,) - Edx =0

[20(4 5in@) + 2(20)(2sin@) — F(2 cos6)]5¢ =0

(160 sin6@ — 200sinfcos8) 58 = O
E = k(4 cos® - 4 cos45°)
Hence, sin@ = 0 6 = 0° Ans
cos@ = 16-9, 6 =36.9° Ans
200
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11-11.  When ¢ = 20°, the 50-Ib uniform block com-
presses the two vertical springs 4 in. If the uniform links
AB and CD each weigh 10 b, determine the magnitude of
the applied couple moments M needed to maintain equi-
librium when ¢ = 20°.

Free Body Diagram: The system has only one degree of freedom
defined by the independent coordinate #. When & undergoes a positive
displacement 46, only the spring forces £, the weight of the block
(50 1b), the weights of the links (10 1b) and the couple moment M do
work.

Virtual Displacements: The spring forces F,,, the weight of the block
(50 1b) and the weight of the links (10 1b) are located from the fixed
point C using position coordinates v3. v2 and y) respectively.

vi=1+4dcos 8 4dy3 = —dsin 656 tH
y2=054+4cos # §va = —4dsin #50 12]
vy =2cos ¢ 8y = —2sin H30 {3]

Virtual — Work Equation: When y,, v, and yy undergo positive virtual
displacements 3y, 8y, and dys, the spring forces Fp, the weight of the
block (50 b} and the weights of the links (10 1b) do negative work.
The couple moment M does negative work when the links undergo a
positive virtual rotation 86,

SU =0; —2F, 8y — 508y, — 208y, — 2M0 =0 14]

Substituting Eqs. (1], [2] and [3} into [4] yields
(8F,,sin 84 240sin 6 —2M) 86 =0
Since 86 # 0, then
8F,,sin 6 4+ 240sin ¢ —2M =0
M =sin §(4F,, + 120)
At the equilibrium position 6 = 20°, F, = kx = 2(4) =8 Ib.

M = sin 20°[4(8) + 120} =520 1b-ft  Ans

*11-12. The spring is unstretched when 6 = 0°. If P =
8 Ib, determine the angle ¢ for equilibrium. Due to the
roller guide, the spring always remains vertical. Neglect
the weight of the links.

B i = 50 Ib/ft

¥y =2 sinf, &v) =2 cos¥ 88

v; =4 sinf +4, 38y, =4 cosd 8¢
Fy =502 sin#) = 100 sing

U =0, —F 8y + Piv=0

— j00sinA2cos @ 86) + Bdcosh 86) =0

Assume © < 907, 50 cos © # 0.
200 sin® = 32

0 =9.21" Ans
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11-13. The thin rod of weight W rest against the smooth
wall and floor. Determine the magnitude of force P
needed to hold it in equilibrium for a given angle 6.

Free Body Diagram : The sysiem has only onc degree of freedom defined by
the independent coordinate 8. When 8 undergoes a positive displacement 56,
only the weight of the rod W and force P do work.

Virtual Displacements : The weight of the rod W and force P are located
from the fixed points A and B using position coordinates ycand x,, respectively

[ !
Ye= Esm 8 dy-= Eeos 856 n
x4 =lcos @ Ox, =—~Isin 8560 [2}
Virtual - Work Equation : When points C and Aundergo positive virtual

displacements 8ycand Ox, , the weight of the rod W and force F do negative
work.

SU=0; -Wsy.~Pdy,=0 {3
Substituting Egs.[1] and [2] into [3] yields
w
(Plsin 6- Tlcos 0)50 =0

Since 56 # 0, then

Wi
Plsin G—Tlcos =0

w
= ?cole Ans

#11.14. The 4-ft members of the mechanism are pin-
connected at their centers. If vertical fo.rces P =P =300
act at C and E as shown, determine the angle 6 foor
equilibrium. The spring is unstretched when 6 = 45°
Neglect the weight of the members.

y = 4sinf, x = 4cos@
8y =4cos@ 50, O6x = —4sin@ 50

8U =0, - Féx-308y - 308y=0

[~F,(-4sin6) — 6((4c0s0))56 = 0

cos@
sin@

E = 6

)

Since F, = k(4cos® - 4c0s45°) = 200(4cos® — 4c0845°)
60cos® = BOO(cos® — cos45°)sin6
sin@ ~ 0.707tan@ - 0.075 = 0

0 = 16.6° Ans

M 8368 Ans
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11-15. The spring has an unstretched length of 0.3 m.
Determine the angle @ for equilibrium if the uniform links
each have a mass of 5 kg.

Free Body Diagram: The system has only one degree of freedom
defined by the independent coordinate #. When ¢ undergoes a positive
disptacement 89, only the spring force F,, and the weights of the links
(49.05 N) do work.

Virtual Displacements: The position of points B, D and G are measu-
red from the fixed point A using position coordinates x4, Xp and ¥g,
respectively.

xg =0.1sin § dxp =0.1cos 86 I
xp =2(0.7sin 0) — O.1sin @ = }.3sin @ dxp = 1.3¢cos 886 [2]

yo =0.35¢0s 8 8y = —0.35sin 630 13}

Virtual— Work Equation: When poimts B, D and G undetgo posi-
tive virtual displacements 8xp.8xp and 8y, the spring force Fy,
that acts at point B does positive work while the spring force Fy,
that acts at point D and the weight of tink AC and CE (49.05 N) do
negative work.

SU =0; 2—49.058y;) + Fyptdxp —8xp) = 0 {41

Substituting Egs. {11, {2] and (3] into [4] yields
(34.335sin # — 1L.2F, cos 6) 860 =0 {51

However, from the spring formula, Fg, = kx = 400{2(0.6sin §) —
0.3] = 480sin & — 120. Substituting this value into Eq. {51 yields

(34.335sin @ — 5765sin 9 cos 6 + 144cos 6) 80 =0
Since 8¢ # 0, then
34.335sin6 — 576sin @ cosh + 144cos 6 =0
6 =155° Ans

and # = 85.4° Ans

*ll_-16. Determine the force F needed to lift the block
having a weight of 100 1b. Hint: Note that the coordinates
s4 and sy can be related to the constant vertical length !
of the cord.

=54+ 2sp

854 = —28sp

SU=0; Wosy+ Fosy =0

100855 + F(—2555) =0

F=501b
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11-17. The machine shown is used for forming metal
plates. It consists of two toggles ABC and DEF, which
are operated by hydraulic cylinder BE. The toggles push
the moveable bar FC forward, pressing the plate p into
the cavity. If the force which the plate exerts on the head is
P = 8 kN, determine the force F in the hydraulic cylinder
when 6 = 30°.

P

Free Body Diagram: The system has only one degree of freedom
defined by the independent coordinate 6. When 6 undergoes a positive
displacement 84, only the forces F and P do work.

Virtual Displacements: The force F acting on joints £ and B and force T
P are located from the fixed points D and 4 using position coordinates :
vi and vg. respectively. The location for force P is measured from :
the fixed point A using position coordinate xg. r~

| P
ve = 0.2sin A 8y = 0.2c0s 059 iy e

LA
ve=02sin 0 Syg = 0.2cos 086 121 ‘

¢

. ! -éx;

xg =202¢c08 ) +1  dxq = —0.4sin 650 {3] : t G
Virtual— Work Equation: When points £, B and G undergo positive A, xG E
virtual displacements Svg, 8vy and dxg, force F and P do nega- ! 1
tive work.
U =0 — F8yp — Foyg — Péx; =0 {41

Substituting Eqgs. {1}, [2] and [3} into [4] yields
(D.4Psin 8 —04F cos 6) 80 =0
Since 88 # 0, then
04Psin 0 —04F¢cos 6 =0 F=Ptun #
At equilibrium position § = 30° set £ = 8 kN, we have

F = 8tan 30° = 4.62 kN Ans
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H-18. The vent plate is supported at B by a pin. If it
weighs 1S Ib and has a center of gravity at G, determine
the stiffness k of the spring so that the plate remains in

equilibrium at 6 = 30°, The spring is unstretched when
0= (.

Free Body Diagram : The system has only one degree of freedom defined by
the independent coordinate 8. When 6 undergoes a positive displacement 86,
only the spring force £, and the weight of the vent plate (15 Ib force) do work.

Virtual Displacements : The weight of the vent plate (15 b force) is located
from the fixed point B using the position coordinate ¥ - The horizontal and
vertical position of the spring force F;, are measured from the fixed point B using

the position coordinates x4 and y,, respectively.

Y =0.5cos 8 8y, =-0.5sin 866 [1]
vy =lcos 8 8y, =~sin H56 {2]
X, =l1sin 6 Sx, = cos 686 [3}

Virtual - Work Equation : When Y, Yqand x, undergo positive virtual
displacements 8y ;, 8y, and 6x,, the weight of the vent plate (15 1b force) ,
horizontal component of F,. F,cos ¢ and vertical component of F_, F_sin [}

spr Tsp
do negative work.

SU=0; ~F,cos ¢ Sx4— F,sin ¢8y, ~158y,=0 4]
Substituting Egs.[1]. [2] and [3] into [4] yields

(*Ep s Hcos ¢ + £, sin 8sin ¢ + 7.5sin 9) 86=0
(=F, cos(8+ ¢)+7.5sin 6) §6=10

Since 66 # 0, then
~I~;p cos(8+ ¢)+7.5sin =0
7.5sin
T s (87 9)

At equilibri ition 6= 30°, the angle ¢ = tan'| "> 3% . 1050
utlibrium position = 5 c angle = —_— = . .
“ P & 4+ Isin 30°

F, = 5n30° et

7 cos(30°+10.89%)
Spring Formula : From the geometry, the spring stretches
x= 4+ 12-2(4) (1) cos 120°— /424 17 = 0.4505 fi.

F;F =kx
4.961 = k (0.4595)
k=108 lb/ft Ans
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11-19. The scissors jack supports a load P. Determine
when the jack is in the position §. Each of the four links

B and D can move horizontally.

the axial force in the screw necessary for equilibrium x =L cosd

has a length L and is pin-connected at its center. Points Y = 2L sin@,
8U =0
—H2L c0s6 86) ~ F(-L3in6 88) =0

F = 2P cot@

Ox = -Lsine &0
Oy =2L cosb 56

- P8y — Féx = 0

Ans

*11-20. Determine the mass of A and B required to

and ¢. Neglect the weight of the mechanism and the
size of the lamp. ¥

75 sin@
Displacement 58 (only)
8y, = ~375 cos9 50

8, =0

1 = 300 sin¢g - 375 sin6

hold the 400-g desk lamp in balance for any angles 8 y, = 755in0 + 75 sing — 75 sin@ = 75 sing

8y, = 75 cos@ 66

SU =0, Wéy, — W,8y, + Wp8y, =0
W(=375cos@ 88) - 0 + W, (75 cos6 86) = 0
375 375
Wy = —W = ~(0. . =
A 75 75 (0.4)(9.81) 19.62 N
19.62 2k
my = —— =
LY T! £ Ans
Displacement 8¢ (only)

8y, = 300 cos¢ ¢

8y, = 75 cos¢ 8¢
8y, =0
8U = 0; Wéy, - W, 8y, + Wyéy, =0

W(300 cos¢ 5¢) ~ W, (75 cos¢ ¢) + 0= 0

300 300
W, = —W = —(0.4)(9. =
A 75 75 (0.4)(9.81) = 170N
15.70
m, = m = 1.60 kg Ans
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11-21. The piston C moves vertically between the two -
smooth walls, If the spring has a stiffness of k = 1.5 kN/m 8 L
and is unstretched when 6 = (07, determine the couple M |

that must be applied to link AB to hold the mechanism
in equilibrium; # = 30°.

-k =1.5kN/m

Free Body Diagram : The system has only one degree of freedom defined by the
independent coordinate §. When 8 undergoes a positive displacement 86, only the
spring force F,,and couple moment M do work.

Virtual Displacements : The spring force F,, is located from the fixed point A
using the position coordinate y . Using the law of cosines

0.6% = y% +0.4* = 2(y) (0.4)cos 6 {1
Differendating the above expression, we have
0 =2y, 8y -0.88yccosd+0.8yqsin 856

0.8ycsin 8
Sy = —2SNY
0.8cos 8-2y,

58 (21

Virtual- Work Equation : When point C undergoes a positive virtual displacement
Syc, the spring force F,, does positive work. The couple moment M does positive
work when link AB undergoes a positive virtual rotation 6.

SU=0;, F,8y.+M86=0 (3] &

Substituting Eq.{1] into (2] yields yc

( O8ycsind
0.8cos 62, *M|06=0 obm

Since 86 # 0, then
0.8y.sin 6
08cos 62y, *M =0
0.8ysin 6

0.8cos 8-2y, ** (4]

M=-

At the equilibrium position, 6 = 30°. Substituting into Eq.{1], * The spring sueiches x = 1-0.9121 = 0.08790 m. Then the spring force is Fp=kr
= 1500(0.08790) = 131.86 N. Substituting the above results into Eq. [4], we have

0.6% = y% +0.47 - 2(y.) (0.4) cos 30°
Ye=09121 m Ms—[ 0.8(0.9121) sin 30°

“‘OASCOS30°—2(0,9l2])]131.86=42.5N‘m Ans
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11-22. The crankshaft is subjected to a torque of M =
50 1b - ft. Determine the vertical compressive force F
applied 1o the piston for equilibrium when 6 = 60°.

Free Body Diagram: The system has only one degree of freedom
defined by the independent coordinate 4. When & undergoes a posi-
tive displacement 86, only the force F and couple moment M do
work.

Virtual Displacements: Force F is focated from the fixed point A using
the positional coordinate yo. Using the law of cosines.

§1 =2+ 3 - 20 1B os(90° — #) (1

However, cos(90” — ) = sin#. Then Eq. [1} becomes 25 = v2 +9 —
6y sinf. Differentiating this expression, we have

() = 2y¢dye — 68y¢ sing — by cos HEl

Oy cos 8
Sve = -

—— (2]
2v¢ — 6sin ¥

Virtual— Work Equation: When point C undergoes a positive virtual
displacement 8y, force F does negative work. The couple moment M
does positive work when link AB undergoes a positive virtual rotation
&1,

SU =0, —Féyc +M86 =0 13]
Substituting Eq. |2] into {3} yields

Oy cos ¢
2v¢c — 6sin &

F+M)z§0=0

Since 86 # 0, then

6y cos H
-+ M=0
2ve — Gsin 8 *
2v¢ — 6sin 4

F = —
Gy cos 6

14}

At the equilibrium position, # = 60°. Substituting into Eq. [1], we
have

S = v+ 3 - 205¢)(B)cos 30
Ve =7.368 in.

Substituting the above results into Eq. [4] and setting M = 50 1b - 1,
we have

6(7.368) cos 60°

. 2(7.368) — fsin 60° 7] _ . 3
= 30(12 in/l 5 =259 ib Ans
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11-23.  The assembly is used for exercise. It consist of
four pin-connected bars, each of length /.. and a spring of
stiffness & and unstretched length a (<2L). If horizontal
forces P and —P are applied to the handles so that @ is
slowly decreased, determine the angle 8 at which the
magnitude of P becomes a maximum.

Free Body Diagram : The system has only one degree of freedom defined by
the independent coordinate 8. When § undergoes a positive displacement §6,
the spring force F,,and force P do work.

Virtual Displacements : The spring force £, and force P are located
from the fixed point Dand 4 using position coordinates y and x , respectively.

y=Leos 8 8y =-Lsin 659 1
x=Lsin®  &x = Lcos 659 2]

Virtual - Work Equation : When points A, C, B and D undergo positive
viral displacement 8y and 8x, the spring force F,,and force P do negative
work.,

U =0; ~2F,8y~2P8x =0 {3}
Substicuting Egs. [1] and [2] into [3] yields

(2E,sin 8- 2Pcos 8) L56 = 0 (4]
From the geomerry, the spring sweiches x = 2Lcosf~q Then, the spring
force £, = kx = k(2Lcos6 - @) = 2kLcos@ - ka. Substituting this value into
Eq.[4] yields

(4kLsin 6cos 8- 2kasin 6 - 2Pcos 6)Lé6=0

Since L56 # 0, then

4kLsin 6cos 6~ 2kasin 8- 2Pcos 8=0
P =k(2Lsin 9~ aan §)

dpP
In order to obtain maximum P, T =0,

dP 2
75 = %(2Leos8 - asec?6) =0

]
T
0= "(i) A
cos 2L ns
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*11-24.  Determine the weight W of the crate if the
angle # = 45°, The springs are unstretched when 6 = 60°.
Neglect the weights of the members.

Potensial Function : The damm is established at point A. Since the center of
gravity of the crate is below the datum, its potential energy is negative, Here,

¥ ={4sin 8+2sin 6 ) = 6sin 6 ft and the spring stretches x = 2(2sin 8- 2sin 30°)
=(4sin 6-2) fu

(3) (4sin 8- 2)2 - W (6sin 8)
= 24sin* 6~ 24sin 8- 6Wsin §+6

dav
Equilibrium Position : The system is in equilibrium if e 0.

:—:=483in6¢:038+24c039+6W0059=0 1]

At equilibrium position, 8 = 45°, Substituting this value into Eq.{1], we have

48sin 45°cos 45° + 24cos 45° - 6Wcos 45° = 0

W=166Db Ans
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11-25. Rods AB and BC have £ centerof mass located
at their midpoints. If all contacting surfaces are smooth
and BC has a mass of 100 kg, determine the appropriate
mass of AB required for equilibrium.

x = 125 cosg; 3-x = 2.5cos8

3-125cos¢ = 2.5cos@

1.25 sing 8¢ = —2.5sin6 66

0.75

1.25
( 1.25

15
)86 = ~2.5(-)30

0.756¢ = —1.566

59 = -6
125
o= (—2-) sin¢
y, = 125sin8
by, = 0.625 cos¢ &¢
8y, = 1.25 cos8 66

6U =0; -m(981)dy, — 9813y, =0

-m(9.81)(0.625 cos$ G¢ ) — 981( 1.25 cosd 88) = 0

-m(9.81)(0.625)(1L25)(—250) - 981(1.25)(%)59 =0

[m(9.81) -981166 = 0

m = 100 kg Ans

11-26. If the potential function for a conservative one-
degree-of-freedom system is V = (8x° — 2x* — 10) J,
where x is given in meters, determine the positions for
equilibrium and investigate the stability at each of these
positions.

v=28’-2a"-10
av 2
— =2’ -4x=0
™ X

(24x - 4)x =0

x=0 andx = 0.167m

v
x=0, — = -4< 0 Unstable
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11-27. If the potential function for a conservative one-
degree-of-freedom system is V = (12sin 20 + 15 cos 6) J,
where 0° < 6 < 180°, determine the positions  for
equilibrium and investigate the stability at each of these
positions.

V = 12sm26 + 15cos8

d_V = 0 24¢0s28 — 15sinf = 0
de
24(1-2sin” ) — 15sin8 = 0
48sin*@ + 15sin@ ~ 24 = 0
Choosing the angle 0° < 8 < 180°
6 = 34.6° Ans
and
8 = 145° Ans
2y
i— = —48sin28 — 15cosB
ae?
2y
0 = 34.6°, — = -572<0 Unstable Ans
de?
d*v
8 = 145¢ yro) =572 >0 Stable Ans

*11-28. If the potential function for a conservative one-
degree-of-freedom system is V = (10cos 28 + 25 sin 8)J,
where 0° < 6 < 180°, determine the positions  for

equilibrium and investigate the stability at each of these
positions.

V = 10cos26 + 25sin8

For equilibrium :

av

— = —20sin28 + 25cos8 = 0
de

(—-40sin8 + 25)cos® = 0
1,25
8 = sin (E) = 38.7° and 141° Ans

and

8 = cos”' 0 = 90° Ans
Stabili d 40c0s28 — 25sin 8
ty —_—= - -
ility prT cos sin
8 = 38.7° i 244 < 0 Unstabl A
=387°, — = —244 <0, st
Fr n e ns
av
9 =141°, — = ~244 < 0, Unstable Ans
d6?
drv
8 = 90°, — =15 > 0, Stable Ans
de?
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11-29. If the potentia] function for a conservative two-
degree-of-freedom system is V = (9%* + 18x2) I, where 4
x apq Y are given in meters, determine the equilibrium e
position and investigate the stability at this position.

. 18y=0 y=0

dy
(0,0) is a position for equilibrium Ans
Fv  Fv
E‘+F=36+]8=54>0
FV., v Fv
(-ar;y) -3 (F = 0-36(18) = —648 < 0
stable Ans

11-30.  “The spring of the scale has an unstretched length
of a. Determine the angle  for equilibrium when a weight
Wis supported on the platform. Neglect the weight of the
members. What value W would be required to keep the

scale in neutral equilibrium when =07 ) )
Potensial Function : The daum is established at point A. Since the weight

W is above the damm, its potential energy is positive. From the geometry, the
spring stretches x = 2Lsin @ and y = 2Lcos 6.

V=

<

Y

"

N o= A -

ks wy

(k) (2Lsin 8)* + W (2Lcos 6)

H

= 2kL'sin* 8+ 2WLcos @

Ldv
Equilibrium Position : The syswem is in equilibrium if i 0.

:-::-tu.’sm cos 6-2WLsin 6= 0

&, 2tL%sin 26— 2WLsin 8= 0

dé
Solving,
6=0° or 9=cos"(l) Ans
B 2KL
42V

I o Y =0.
Stability : To have neutral equilibrium at 8 = 0°, dB‘Io-o'

2
v 4kL’cos 20 - 2WLcos 6
467

d*v

— =4kL3cos 0° ~2WLcos 0° = 0
d&R | guor

W =2%L Ans
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11-31. The two bars each have a weight of 8 ib. Deter-
mine the required stiffness k of the spring so that the two
bars are in equilibrium when 6 = 30°. The spring has an
unstretched length of 1 ft.

V = 2(8)(] sin6) + tk(dcost — 1)

dv .
= l6cosH + k(dcosh — {—4dsin#)
dé
4V 16cosh — 4k(dcosd — 1)sind
Y o 16cosd — dk(dcost — 1)s
70 cos cos sin
dv
6= 30" — =0
de

16.¢0$ 30° — dk(dcos 30° — 1)sin30° =0

k =281 Ib/ft Ans

DATUM
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*11-32. The two bars each have a weight of 8 Ib.

Determine the angle 6 for the equilibrium and investigate » C'A‘
the stability at the equilibrium position. The spring has an \\\
unstretched length of 1 fi. AN
g N2t
NN
“
k=30 [b/ft

@B
2] 2t
¥
S
Potential Function : The dam is established at point A. Since the Fcnwr of C
gravity of the bars are below the datum, their potential energy is ncgative. Here,
y, = lcos 8 ft, y, = 2cos 6+ lcos 8 = 3cos 8 ft and the spring stretches
x=2(2co0s 8) - 1 =(4cos 8- 1) ft
V=V, +V,
L2
= ~kx" -IW
3 y
= %(30)(«05 8- 1)* - 8(1cos 8) —8(3cos 8)
= 240cos” § - 152c0s 6+ 15
Equilibrium Position : The system is in equilibrium if pr =0.
Latum

Z—Z = —480sin Gcos + 152sin 6 =0

d—‘—l = -240sin 26+ 152sin 6 =0
dé

Solving, %"
8=0° or 6=7154°=715° Ans
Stability : ‘«
drv
—— = -480cos 26+ 152cos 6
a8 s
d*v
— = —480cos 0° + 152cos 0° = =328 <0
de? lgmo-
Thus, the system is in unstable equilibrium at 6 = 0° Ans
darv
-— = —480cos 143° + 152c0s 71.54° = 431.87 >0
dR 1a=11.54¢
Thus, the system is in stable equilibrium at § = 71.54° Ans
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11-33. The truck has a mass of 20 Mg and a mass c.enter
at G. Determine the steepest grade 6 along whlch. it can
park without overturning and investigate the stability in

this position.

Potential Function : The datum is established at point A. Since the center of
gravity for the truck is above the datum, its potential energy is positive. Here,
y = (1.5sin 8+3.5cos 6) m.

V=V, =Wy = W(1.5sin 8+ 3.5c0s 8)

Equilibrium Position : The system is in equilibrium if ;—: =0

dV—W(IS 8-35sin §) =0
i .5cos 8-3.5sin §) =

Since W = 0,
1.5cos 8~3.5sin 8=0
6 =23.20° = 23.2° Ans
Stability :
4 W(~1.5sin8~3.5cos 6,
P {~1.5sin§-3.5cos 9)
Ly W(-1.5sin 2
36 lo13.20 (—1.5sin 23.20° - 3.5cos 23.20°) = -3.81W <0
Thus, the truck is in unstable equilibrium a1 9 = 23.2° Ans

11-34. The bar supports a weight of W = 5001b at its
end. If the springs are originally unstretched when the bar
is vertical, determine the required stiffness k; = k, = k
of the springs so that the bar is in neutral equilibrium
when it is vertical.

y = 9 cosé
x; = 33in@
X, = 68in@

1
V = 500(9cos8) + Ek(:mne)’ + -;k(6sin9)2

V = 4500 cos6 + k(22.5sin?8)

av
%= —~45008in8 + k(22.5sin26)
dv

Require, i 0;  —4500sin@ + k(45 sinGcos8) = 0

sin =0; 6=20°

&y = —4500 0 + k(4

e - cosf + k(45c0s28)
. .4

Neutral equilibrium requires o7l 0

~4500c088 + k(45c0828) = 0
When 8 = 0°, —4500 + 45k = 0

k = 100 Ib/ft Ans
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11-35.  The cylinder is made of two materials such that it
has a mass of m and a center of gravity at point G. Show
that when G lies above the centroid C of the cylinder, the
equilibrium is unstable.

Potential Function: The datum is established at point A. Since the
center of gravity of the cylinder is ubove the datum, its potential energy mg
is positive. Here, v = r +d cos ¥, i

V=V,=W =mg(r +dcos #)
SRR .. . - L dV
Equilibrium Position: The system is in equilibrium if 7= Q. \J

dv i
— = —mgdsin # =0
dt Datum

sinfl = () 0 =0".

Stability:
1%
;; = ~mgdcos 9
de?
d*v o
5 = —mgd costY = —mgd <
d6= |,

Thus. the cylinder is in unstable equilibrivm at & = 0° (Q.ED.)

*11-36. Determine the angle # for equilibrium and in-
vestigate the stability at this position. The bars each have
a mass of 3 kg and the suspended block D has a mass of
7 kg. Cord DC has a total length of | m.
I =500 mm
Vo= %siné)
Y2 =10+21 —cosf) =1(3 —2cos0)

V= 2Wy — Wy

= Wising — Wpl(3 — 2cosd)

dVv .
7 =I(Wcos8 ~ 2Wp sind) = ()
3(9.

= Y 3O8D o0

2W,  14(9.8D)

6 =12.1 Ans 4
DAT

2V b—— 500 mm ~
T =/(-Wsin# — 2Wp cos#) g

. . o 5
P=1207 5 =051-309.81)sin 12.1° ~ 14981 cos 12.1°|

402

=~-702<0 Unstable Ans
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11-37. The cup has a hemispherical bottom and a mass
m. Determine the position 1 of the center of mass G so
that the cup is in neutral equilibrium.

Potential Function: The datum is established at point A. Since the
center of gravity of the cup is above the datum, its potential energy is
positive. Here, v = r — hcos0.

V= V,=Wy=ig(r—hcos )

. - . cooo o dV
Equilibrium Position: The system is in equilibrium if i 0.
dv hsin 0 =0
—_. = L SIn =
a5 -

sinf =0 6 =0

dv
Stability: To have neutral equilibrium at 8 = (°. Jor =0.
R T

drv

7 = mglicos A

de Note: Stable Equilibrium occurs if

d*V |
d2v h>()(ﬁ] =mghcos0” > 0).
=mghcos 0° =0 de° i,
dt’i: o mgh cos B0
h=0 Ans

11-38. If each of the three links of the mechanism has
a weight W, determine the angle @ for equilibrium. The
spring, which always remains vertical, is unstretched when
=0

v =asinf 8y, =acost §
va=2a+asintt §yr=acosd 30
va = 2a +2asint  Sy; = 2acosd 8

F, = kasint

F, -2
el “\a | T SU = 00(W — F)8v; + Wava + Woya =0
u (W — ka sin@)a cos§ 80 + Wacostl 86 + W2l cos 6 80 = 0
. ~T
o W

—¥3 Assume 8 < 90°, so cos @ % 0.

Zla 4W — kasin® =0

\

4W
6 = sin 1(k ) Ans

a

L
\ or
W
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11-39.  If the uniform rod OA has a mass of 12 kg, deter-
mine the mass m that will hold the rod in equilibrium
when 6 = 30°. Point C is coincident with B when OA is
horizontal. Neglect the size of the pulley at B.

Geometry: Using the law of cosines,

log =V 1+ 3= 2D(3) cos(90° — 0) = VIO ~ 6sind
las=vV1I+3=V10m

=l —lyp =vVI0 - V10 "65sin8
Potential Function: The datum is established at point 0. Since the
center of gravity of the rod and the block are ahove the datum, their

potential energy is positive.

Here, vy =3 1 =13 - (/10 - /10 —~6siné)] mand yy = 0.5sin ¢ m.

V=V, =Wy + Wy

=981 mf3 ~ (V10— VIO~ 6siné)] + 117.72(0.5 sin 6)

J
981 m ’
12(9.81) = [
— 1772 N |
=2943 m ~ 9.81 m(v/10 ~ /10 — 6sint) + 58.86sin 0

Equilibrium Position: The system is in equilibrium if oo

IV 4 7
Tl = el
de e M
dv 1 . 1
5= —9.81 m —E(l() —6sinf) " 2({—6cosH) | + 58.86 cos @
e
29.43 mcos@
= == + 58.86 cos 8
10 — 6sin8
At A = 30°,
IV 29.43m cos 30°
Sl e Dm0 o g6eos30° = 0
d6 Jrpe /10 — 65in 30°

m =529 kg Ans

*11-40. The uniform right circular cone having a mass
m is suspended from the cord as shown. Determine the
angle € at which it hangs from the wall for equilibrium.
Is the cone in stable equilibium?

F*—Dawm

v 3a PR 0
=—[ = cos — & 3
2 cos i+ 750 ) mg

1V 3
(d‘l} =~ <_-§ sinf + g cosf))mg =0

3sint = 0.5cosé

tan 0 = 0.1667

6 =9.46° A . d'v
’ ns 0=946". — = 1.52amg > 0
dh*
PEY 3a sl a . N
ot T T\ T e g sing Jme Stuble Ans
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11-41. The homogeneous cylinder has a conical cavity
cut into its base as shown. Determine the depth d of the
cavity so that the cylinder balances on the pivot and
remains in neutral equilibrium.

-
F*SO mm#

_ IV _ 75m(50)2(150) — 4(tm(50)d

Y= 3y T T ms0)2(150) - in(50)d
. _ 11250 - &
Y= Tis0- 4

y = (F - dycos6

V= (7 - dycos8(W)

dv _ .
S - _W({F - dsiné =0
76 (67

= 0° (equilibrium position)

d* I
- L - 150d - —
11250 - 3 7

0.25d* - 150d + 11250 = 0
d = 512.1 mm > 150 mm (N.G!)

Also,
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11-42. A homogencous block rests on top of the
avlindrical surface. Derive the relationship between the
rudius of the cyvlinder, r. and the dimension of the
tlock. b, for stable cquilibrium. #Hinr: Establish the
potential energy function for a small angle 0, ie.,
approximate sin # = o and cos 0 = 1 - 0772,

Potential Function : The damm is esmblished at point O. Since the center of

gravity for the block is above the damm, is potential energy is positive. Here,

b
y =(r+5jcos 6+ rfsin 6.

b
V:Wy =W[(r+i)cos 6+ rfsin 9] [

) 6
For small angle 8, sin 8 = § and Cos &~ 1~?. Then Eq.[1) becomes

-]

Equilibrium Position : The system is in equilibrium if :—: =

av_ b .
== (r-i)e-o 6=0

2
Stability : To have stble equilibrium , %

8=0*

&y i, b
46 | g = (’—E)N

(-3

b<2r Ans
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11-43.  The homogeneous cone has a conical cavity cut
into it as shown. Determine the depth of 4 of the cavity
in terms of A so that the cone balances on the pivot and
remains in neutral equilibrium.

HEDEHCI P |

y= Z(h+d) [y

1 1 -
Enzh—snzd Uh-d)

Potential Function : The damm is established at point A. Since the center of
gravity of the cone is above the datum, its potential energy is positive. Here,

i
y =(y—d)cos 9=[Z(h+d)—d]cos 8= zl(h—3d)cos 8.

1 W(h-3 -
V= W[z(h-3d)cos G]COSO = —L-Z—ECOSO

¥
av = /o7
Equilibrium Position : The system is in equilibriurn if %0 dZ_E/\ et

dV__W(h—Bd')

T 7 sin@ =0

drv
Stability : To have neutral equilibrium a1 8 = 0°, — =

do? ) eaor

dv W(h—!d)c
= 2% o
de? 4

s &

d*v _ W{(h-3d)

—_— ° =0
d6? 1gaor 4 cos0

_W(h—3d) _
— =

d=

0

wix

Ans

. h
Note : By substituting d = 3 into Eq.(1), onc realizes that the fulcrum must be at
the center of gravity for neutral equilibrium.
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*11-44. The triangular block of w
smooth corners which are
has three equal sides of |
for equilibrium.

. eight W rests on the
a distance a apart. If the block
ength d, determine the angle 6

AF = ADsing = AD sin(60° - 6)

AD a

sina sin60°

a
= ——(sin(60° + 6))
AD sin(SO"(Sl ¢

a N 3 : °
AF = Fﬁoo(sm(w + 8))sin(60° - 6)

a

(0.75cos* @ — 0.25 sin’ §)

sin60°
V =Wy
dv . a . : =
= - ———(—1.5sinfcos@ - 0.5 sin@cosf) = O
i W(-0.57744d) sin6 sin60°(
Require, sinf = 0 8 =0° Ans

a
and —0.5774d — ——=(~2cosf) = 0
sin60

d
= TN(— Ans
6 = cos (40)

11-45. Two uniform bars, each having a weight W, are
pin-connected at their ends. If they are placed over a
smooth cylindrical surface, show that the angle 6 for
equilibrium must satisfy the equation cos 6/sin? 9 = al2r.

V = 2W(rcsco ~ —gcoso)

a
2W(~ —si -
a6 (-r cscOcotd + 2suu9) =0

(20 Zoing
sinng’ ~ 2°"
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H-4b. The uniform links A and BC cach weigh 2 |b
and the cylinder weighs 20 Ib. Determine the horizontal
force P required to hold the mechanism in the position
when # = 457 The spring has an unstretched length of
6 in.

Free Body Diagram : The system has only one degree of freedom defined by
the independent coordinaie 8. When 6 undergoes a positive displacement 88,
only the spring force ,,, the weight of links (2 Ib), 20 Ib force and force P do
work.

Virtual Displacements : The positions of points B, D and C are measured
from the fixed point A using position coordinates ¥g. ¥p and x-respectively,

yg = 10sin 8 8yg = 10cos 666 (@)
yp = Ssin 6 8yp = Scos 858 (21
xc =2(10cos ) Ox . = ~20sin 856 (3)

Virtual- Work Equation : When points B, D and C undergo positive
virtual displacements 8y, . 8ypand x, spring force £, that acts at point C,
the weight of links (2 Ib) and 20 Ib force do negative work while force P does
positive work.
SU=0; -F, 8xc -2(28y,) - 208y, + Péx. =0 [4}
Substimting Egs. (1), [2] and [3] into [4] yields
(20F,, sin 6~ 20Psin 6-220c0s 8 ) 50 =0 (s1

However, from the spring formula, F, = kx =2[2(10cos8) - 6]
= 40cos 8 - 12. Substituting this value into Eq.{5] yields

(800sin Bcos @~ 240sin 6 - 220cos 8 -~ 20Psin ) 56 = 0
Since §6 # 0, then

800sin Gcos 8- 240sin 6 —220cos - 20Psin 8 =0
P =40cos §-11cot -~ 12

Al the equilibrium position, 8 = 45°. Then

P=40cos 45° - 11cot45° - 12=5.28 b Ans
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11-47. The spring attached to the mechanism has an
unstretched length when 6 = 90°. Determine the posi-
tion 6 for equilibrium and investigate the stability of the
mechanism at this position. Disk 4 is pin-connected to the
frame at B and has a wei ght of 20 1b. Neglect the weight
of the bars.

Potential Function: The datum is established at point C. Since the
center of gravity of the disk is below the datum, its potential energy is
negative. Here, y = 2(1.25¢c0s8) = 2.5 cos @ ft and the spring com-
presses x = (2.5 — 2.5sin#) ft.

V=V, +vV,

1
= —kx? - W
Ty

1
5(16)(245 —2.5sin8)% — 20(2.5 cos )

50sin? ¢ ~ 100sin 6 ~ 50cos§ + 50
- . . o dV
Equilibrium Position: The system is in equilibrium if = 0.

av
6= 100sin 6 cos 6 — 100cos 6 + 50sin§ = 0

av
) =50sin20 — 100cos# + 50sin§ = 0

Solving by trial and error,
6 =37.77° = 37.8° Ans
Stability:

d’v
JoT = 100 cos 26 + 100 sin 6 + 50 cos 6

ﬂ = 100c0s 75.54° + 1005in 37.77° + 50 cos 37.77°
d6? le=37.77°

=1257>0

Thus, the system is in stable equilibrium at § = 37.8° Ans
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*11-48. The toggle joint is subjected to the load P,  * = 2L cos®
Determine the compressive force F it creates on the

. ) 6x = —2Lsin@ 56
cylinder at A as a function of 6.

y = Lsin@

dy = L cos® 86

F=— Ans

—Pcos® + 2Fsin@ = 0

11-49. The uniform beam AB wei

ghs 1001b, If both springs
DE and BC are unstretched whe

n 6 = 90°, determine the
angle ¢ for equilibrium using the principle of potential

energy. Investigate the stability at the equilibrium position.
Both springs always act in the horizontal position because

of the roller guides at C and E.

Potential Function : The darum is established at point A. Since the center of
gravity of the beam is above the datum, its potential energy is positive. Here,

¥ =(3sin 8) ft, the spring at D stretches x,, = (2cos 8) ft and the spring at B
compreeses x = (6cos 6) ft.

V=V,+V,
1
= sz.xz +Wy

= l(24)(2cos 6 )z+%(48)(6cos 6)* + 100(3sin 6)

2
= 912cos*6+300sin 8

L dV
Equilibrium Position : The sysiem is in equilibrium if pr =0.

:—‘G/ = =1824sin Bcos 6+ 300cos 8=0

:—‘9/ =-912sin 28+ 300cos 8 =0

Solving,
8=90° or 6=9.467°=947° Ans

Stability :

1 4
—— = -1824cos 26 - 300sin 9

PT
dv
—_— = ~1824cos 180° - 300sin 90° = 1524 > 0
dR lgagor
Thus, the system is in stable equilibrium at 8 = 90° Ans

d*v

—_— = ~1824cos 18.933° - 300sin 9.467° = ~1774.7 < 0

d6 1 gug 467+

Thus, the system is in unstable equilibrium at § = 9.47° Ans
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~PLcos® 86 —~ F(-2Lsin6)86 = 0
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11-50. The uniform bar AB weighs 10 Ib. If the attached
Spring is unstretched when 6 = 90° yse the method of
virtual work and determine the angle 6 for equilibrium.

Note that the spring always remains in the vertical
Position due to the roller guide,

y = 4sin6
8y = 4 cos® 650

E = 5(4—4sin@)

§U = 0; ~108y + 6y = 0
[-10 + 20(1~sin@)](4cos 8 66) = O
cos = 0 and 10-20 sin@ = ¢

9 = 90° 6 = 30° Ans

11-51.  Solve Prob. 11-50 using the principle of potential
energy. Investigate the stability of the bar when it js in

y = 4sin@
the equilibrium position,

V = 10(4sin@) + %(5)(4—4sin9)2
av o
% = 40cos@ + 5(4—4sm9)(—4cos0)

Require, — =0

40cos® - 20(4-4sinf)cosd = 0

cos@ =0 or 40 - 80(1 —sing) = 0

6 = 90°, or o = 30° Ans
drv . . .
F = —40sin@® + 5(4~4sm0)(4sm9) + 5(—4cos0)(—40039)
2
Lign -40sin® + 80(1~sin8)sin® + 80 cos’ &
aee
dv
= 90° - = -40 < 0 Unstable Ans
0= &
8 = 30°, ﬂ =60 >0 Stable Ans

de?
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*11-52, The punch press consists of the ram R, connecting
rod AB. and a flywheel. If a torque of M = SQN-m is
applied to the flywheel, determine the force F applied at the
ram to hold the rod in the position § = 60°.

Free Body Diagram : The system has only one degree of freedom defined by the
independent coordinate 8. When 8 undergoes a positive displaccment 58, only
force F and SON - m couple moment do work.

Virtual Displacements - The force F is located from the fixed point A using the
position coordinate x, . Using the law of cosines,

0.4 =22 +0.1 = 2(x, ) (0.1) cos & n
Differentating the above expression, we have

0=2x, 8x, -0.26x, c0s8+0.2x, sin 856
0.2x, sin 6
=t 56 2
8, 0.2cos §-2x, (21

Virtual - Work Equation : When point A undergoes positive virmal displacement
8x,, force F does negative work. The 50 N - m couple moment does negative work
when the flywheel undergoes a positive virtual rotation 50,

SU=0; ~Fbx, ~5050=0 (3]

Substituting Eq.[2] into [3] yields

0.2x, sin 8
Te—————— F-50 |66 =0
( 0.2cos 8- 2x, 5 )
Since 58 # 0, then
0.2x, sin 6

e———— e F~ 50 =0
0.2cos 6-2x,

. _50(0.2c0s 6-2x,) ”
- 0.2z, sin 8
At the equilibrium position, 8 = 60°, Substituting inw Eq.[1], we have
Substituting the above results into Eq. {4], we have
0.4 =x} +0.1 - 2(x, ) (0.1) cos 6¢°

X, =0.4405 m _ _50[0.200s 60° - 2(0.4405))

= =512N
0.2(0.4405) sin 60°
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