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CHAPTER 4 
 

4.1 (a) For this case xi = 0 and h = x. Thus, 
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for xi = 0.2, xi+1 = 1 and h = 0.8. True value = e
–1

 = 0.367879. 

 
zero order: 
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4.2 Use the stopping criterion 
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True value: cos(/3) = 0.5 
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second order: 
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third order: 
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Since the approximate error is below 0.5%, the computation can be terminated. 

 

4.3 Use the stopping criterion: %5.0%105.0 22  
s  

 

True value: sin(/3) = 0.866025… 
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zero order: 
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second order: 
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third order: 
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Since the approximate error is below 0.5%, the computation can be terminated. 

 
4.4 True value: f(3) = 554. 

 

zero order: 
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first order: 
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Thus, the third-order result is perfect because the original function is a third-order 

polynomial. 
 

4.5 True value: f(2.5) = ln(2.5) = 0.916291... 
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fourth order: 

 

234375.05.1
24

6
5.1)15.2(

24

)1(
5.1)5.2( 44

)4(





f

f  

 

%421.74%100
0.916291

234375.00.916291



t  

 

Thus, the process seems to be diverging suggesting that a smaller step would be required for 

convergence. 
 

4.6 True value: 
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function values: 

 

xi–1 = 1.8   f(xi–1) = 50.96  
xi = 2   f(xi) = 102  

xi+1 = 2.2   f(xi+1) = 164.56  

 
forward: 

 

8.312
2.0

10256.164
)2(' 


f  

 

%53.10%100
283

312.8283



t  

 

backward: 

 

2.255
2.0

96.50102
)2(' 


f  

 

%823.9%100
283

255.2283



t  

 

centered: 
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Both the forward and backward have errors that can be approximated by (recall Eq. 4.15), 
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This is very close to the actual error that occurred in the approximations 

 

forward: 8.298.312283 tE  

backward: 8.272.255283 tE  

 
The centered approximation has an error that can be approximated by, 
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which is exact: Et = 283 – 284 = –1. This result occurs because the original function is a cubic 
equation which has zero fourth and higher derivatives.  

 

4.7 True value: 
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Both results are exact because the errors are a function of 4
th
 and higher derivatives which are 

zero for a 3
rd

-order polynomial. 
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Thus, the bounds computed with the first-order analysis range from 28.3733 to 32.5333. This 
result can be verified by computing the exact values as 
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Thus, the range of 2.0844 is close to the first-order estimate. 
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4.10 For T
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 =20, 
 

T
T

H
TH

~
)

~
( 




  

 

408.8650)1067.5(9.0)15.0(44 383 


 TAe
T

H
  

 

169.168)20(408.8)
~

(  TH  

 

Exact error: 

 

3286.168
2

81.1205468.1542

2

)630()670(
true 







HH
H  

 

Thus, the first-order approximation is close to the exact result. 
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Again, the first-order approximation is close to the exact result. The results are good because 
H(T) is nearly linear over the ranges we are examining. This is illustrated by the following 

plot. 
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4.11 For a sphere, A = 4r
2
. Therefore, 
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At the mean values of the parameters, 
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To check this result, we can compute 
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4.12 The condition number is computed as 
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The result is ill-conditioned because the derivative is large near x = 1. 
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The result is ill-conditioned because x is large. 
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The result is well-conditioned. 
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The result is well-conditioned. 
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The result is ill-conditioned because, as in the following plot, the function has a singularity at 

x = . 
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4.13 Addition and subtraction: 
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Multiplication: 
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Substitute these relationships into Eq. (4.4), 
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4.15 The first-order error analysis can be written as 
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The error from the roughness is about 2 times the error caused by the uncertainty in the slope. 

Thus, improving the precision of the roughness measurement would be the best strategy. 

 
4.16 Use the stopping criterion 
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third order: 
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Since the approximate error is below 0.5%, the computation can be terminated. 
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4.18 The derivatives can be computed as 
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The first through fourth-order Taylor series expansions can be computed based on Eq. 4.5 as 
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Note the 2
nd

 and 3
rd

 Order Taylor Series functions are the same. The following MATLAB 
script file which implements and plots each of the functions indicates that the 4

th
-order 

expansion satisfies the problem requirements. 

 
x=0:0.001:3.2; 

f=x-1-0.5*sin(x); 

subplot(2,2,1); 

plot(x,f);grid;title('f(x)=x-1-0.5*sin(x)');hold on 

 

f1=x-1.5; 

e1=abs(f-f1);   %Calculates the absolute value of the 

difference/error 

subplot(2,2,2); 

plot(x,e1);grid;title('1st Order Taylor Series Error'); 

 

f2=x-1.5+0.25.*((x-0.5*pi).^2); 

e2=abs(f-f2); 

subplot(2,2,3); 

plot(x,e2);grid;title('2nd/3rd Order Taylor Series Error'); 

 

f4=x-1.5+0.25.*((x-0.5*pi).^2)-(1/48)*((x-0.5*pi).^4); 

e4=abs(f4-f); 

subplot(2,2,4); 

plot(x,e4);grid;title('4th Order Taylor Series Error');hold off  

 

 
 

4.19 Here are Excel worksheets and charts that have been set up to solve this problem: 
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