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Problem

Set Covering

o illustrate this model, consider the following location problem: A city is reviewing the location of its

fire stations, The city is made up o

fa number of neighborhoods, as illustrated in Figure 1.

Figure 1: Map of the city
y neighborhood. It is able to handle the fires for both its neighborhood

A fire station can be placed in an
any neighborhood with a non-zero border with its home

and any adjacent neighborhood (
neighborhood). The objective is to minimize the number of fire stations used.

We can create one variable z 4 for each neighborhood ;. This variable will be 1 if we place a station in
the neighborhood, and will be 0 otherwise. This leads to the following formulation
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T o ool comsiraings v the following siguificance: since % = 0 or 1 and the cosflicieats oy
. ‘ .
L - S words only if
SR RO T we e e Y- % catn e zero only i xy = Odoraill) such that a = 1. In other Y
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EXAMPLE 3: SET COVERING - AIRLINE CREW SCHEDULING

Comsier e follovsing sipifed 2ifine crew schodling problem. An airine has m scheduled flight-
N e weaek i curmene service. A Sghe-leg eing 2 single fhght flown by @ single crew €.g. l_pndon - Paris
Neeving Heodecw o 10,70 2 Lec S, 5 = .. be fhe collection of 2l poswible weekly sets of flight-legs that
N "\\: Roww v & wingle orew Skx.t.}.;»;f:‘:.:: st ke accownt of FeSUICHONS like a crew arrivipg in Paris at
T1N0 sen cmmmod sk & Sapde cue of New York e 1200 prm. and $0 if ¢ is the cost of set 5; of ihg.ht—ltjgs then
e poodlem of mmmRsng vat sebioct 1 covering o) Hight-legs I 8 se1 covering problem. Note that if crews
B e sTowed 2 e ﬂaé:::w om & S e s S ey cam e flown 10 their next flight, then we have to
el (2 an aquadiy — dhe set partoming problem.

EXAMPLE & SET COVERING - BUILDING FIRE STATIONS

There e wx ciies @ regiom R The region st determine where 10 build fire stations. The region
Wb 8 Mol She weisiann mamdber of Sre stusions znd ensure that at least one fire station is near 15 minutes of

eack oy, The timnes (i swintes) raquired 1o Grive betwesn cifies are:
Feom To
i d 3 £ 5 &
H ¢ e 20 0 30 20
) 1] 3] 23 35 20 14
X X 23 & i3 20 20
4 B 3 15 © 5 25
3 &N 2 30 i3 L) 14
) XN e 2 X S

1 # 2 e station i buil in city i

xﬁ‘ —4
) otherwise

Obictive famction: Total wassber of fire stations © be built
X=X F Xt X3t Xgt XsF xg
Constraimts: A fire station withia 15 mims of each caty.
The locations St czm reach each ity in 15 minutes:

Ciy L2 = Xty 2 (City 1 constraint)
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1P (3003)3 iy 3 LA = X, +x3+% = 1  (City 2 constraint)
Oy A 34
t ’}I}' A -lp 'j'l ﬁ
ity 5 4, 4,0
Cilyh A %0
i P N t ¥ f X3 b Xyt Xst Xg
f:\:l 'T.':'t}m = X ot x z 1(City 1)
glibjest | Xt X +x% > 1(City2)
X1t Xy > 1(City 3)
ST T ¢ > 1(City 4)
Xy *+ X5+ x5 = 1(City5)
K + X5+ x5 = 1(City6)

xi=lorD;i=1,..6
Optimul solution; Xa = 2; X3 =Xy = LX) =x3=x5=x4=0.

In a sel covering problem each member of a given set (Set 1) must be “covered” by another member of
some set (e,g, Set 2), The objective is to minimize the number of elements in Set 2 that are required to cover Set

]1
3, GENERAL TERMINOLOGY FOR INTEGER PROGRAMMING

‘Fhe most general problem called the mixed integer programming problem can be specificd as
min X = ¢'x
subjectto Ax =Db

X =0 j=1lmn

Xj integer forj € IN

where IN is some subset of Ng = {0,1,..n}.

When IN = Ny we have what is called a pure integer programming problem. For such a problem,
one generally has all given quantities c;, aj, b; integer. One has to be careful here. Consider for example

min Xg = = 3% — 1%

5u!)jgu_;tw éx. + 3% < %

Xg, X1, X2 = 0 and integer

As defined this is not a pure problem. For a start xo will not necessarily be integer and neither will the
slack variables, If we want to use an algorithm for solving pure problems we must scale the objective and
constraints 1o give:

min X = =2 — 3%
subject 19 2% + X+ X3 = 4
3x - 9% + X4 = 4
X1,.%4 2 0 and integer.
A finl class of problems js the pure 0 — 1 programming problem
max X = ¢ x
subject Ax < b

¥ =0orl forj=1,.,n

3 FURTHER USES OF INTEGER VARIABLES

p ; sion
1. 19 yariable x can only take a finite number of values py,....pm WC €20 replace x by the expres
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pinimize Ty + T + T3+ Ta + T5 + T+ T7 + T + Tg + Tio + Ty

"ubjcﬂt to T, -} :Dg+$3+$.¢ 21
@ -+ ©g -+ Ta + x5 =1
Il+$2+ma+m4+$5+me >1
I + ¢y + T4 + zg + T7 >1

Ty + T3 + @5 + T¢ + Tz + xq 21
Ty + T4 + T5 + T + Ty + T3 21

T4 + Te + T7 + TR =7

Ts5 + Te + 7+ Tz + 9 + Tio >1

Ts +Zst+Tg+ Ttz

g +Toa+To+zn=>1
gg+ Ttz =1

z; € 40,1} j=1,...,11

The first constraint states that there must be a station either in neighborhood 1 or in some adjacent
neighborhood. The next constraint is for neighborhood 2 and so on. Notice that the constraint
coefficient @5 is 1 if neighborhood i is adjacent to neighborhood j or if i=/ and 0 otherwise. The jth

column of the constraint matrix represents the set of neighborhoods that can be served by a fire station
in neighborhood j. We are asked to find a set of such subsets j that covers the set of all neighborhoods
in the sense that every neighborhood appears in the service subset associated with af least one fire

station.
One optimal solution to this is Tz = Tg = Tg = 1 and the rest equal to 0.

This is an example of the sef covering problem. The set covering problem is characterized by having
binary variables, 2 constraints each with a right hand side of 1, and having simply sums of variables as

constraints. In general, the objective function can have any coefficients, though here it is of a
particularly simple form.
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